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Abstract

Existence and multiplicity results are obtained for superlinear p-Laplacian equations without the Am-
brosetti and Rabinowitz condition. To overcome the difficulty that the Palais-Smale sequences of the Euler-
Lagrange functional may be unbounded, we consider the Cerami sequences. Our results extend the recent
results of Miyagaki and Souto [ J. Differential Equations 245 (2008), 3628-3638].
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1. Introduction

Let Q be a bounded domain in RV with smooth boundary 92, we consider the following
Dirichlet problem for the p-Laplacian equation (p > 1),

—Apu = f(x,u), in 2,
u =0, on 0%2.

(1.1)

Here A yu = div(|Vu|? ~2 Vu) is the p-Laplacian operator, and the nonlinearity f(x, 1) satisfies
the following conditions:

(fx) f € C(Q xR, R) and there exist C > 0 and ¢ € (p, p*) such that for (x,7) € Q x R we
have

|f(xe,0)] < CA+ J7]77Y);
where p* = Np/(N — p)if N > p,and p* = o0 if N < p.
(f1) The following limit holds uniformly for a.e. x € €2,

F(x,1)

t
lim = 400, where F(x,t) = [ f(x,s)ds. (1.2)
0

[t|—o00 |t|p
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(f2) there exists R > 0 such that for Vx € €2,
ACR))
[
Note that ( f) is a condition for |¢| > R, therefore it is a quite generic assumption.

The condition ( f7) is a consequence of the following condition:

X,t
lim /1 _2) = 400
lt|—o0 |t|PT 1

1s increasing in f > R, and decreasing in7 < —R.

(1.3)

In the case p = 2 this condition characterizes the problem (1.1) as superlinear at infinity. Since
the seminal work of Ambrosetti and Rabinowitz [1], such superlinear elliptic boundary value
problem has been studied by many authors, see for instance [7, 8, 9, 15, 19, 23]. A common
feature of these works is that the following condition, which is originally due to Ambrosetti and
Rabinowitz [1] for the case p = 2, is imposed on the nonlinearity f(x, ).

(AR) There exist 4 > p and R > 0 such that
0 < uF(x,t) < f(x,0)t, forx € Q and |t| > R.

The role of (AR) is to ensure the boundness of the Palais-Smale sequences of the Euler-
Lagrange functional ® given by (2.2). This is very crucial in the applications of critical point
theory. However, although (AR) is a quite natural condition, it is somewhat restrictive and elim-
inates many nonlinearities. In fact, (AR) implies that for some ¢, d > 0,

F(x,t) > cl|t|* —d. (1.4)
Hence, for example, the function
fx.1) = [t]P72 ¢ log(1 + |¢])

does not satisfy (AR) for any . > p. But it satisfies our conditions ( fi), (f1) and ( f2).

For this reason, in recent years there were some authors [6, 10, 11, 18, 20, 25, 26] studied the
superlinear problem (1.1) trying to drop the condition (AR). We refer the readers to Miyagaki
and Souto [18, Section 1] for a detailed discussion on the assumptions of [6, 20, 25].

Assume that f(x,0) = 0, then the zero function ¥ = 0 is a trivial solution of (1.1). Therefore
we are interested in the existence of nontrivial solutions.

Theorem 1.1. Assume that ( f,), (f1), (f2) and
(f) f(x,0) =0, f(x,t) = o(|t|’%1) as |t| — O uniformly in x € Q.
Then the problem (1.1) has a nontrivial (weak) solution in Wol’p (2).

For the case p = 2 this result is due to Miyagaki and Souto [18]. Without assuming (AR) the
Euler-Lagrange functional ® may possess unbounded Palais-Smale sequences. To overcome this
difficulty, Miyagaki and Souto considered a family of perturbed problems

—Au = Af(x,u) in £, u=0 ondQ (1.5)

and adapt some monotonicity arguments used by Struwe and Tarantello [22] and Schechter and
Zou [20]. This approach is interesting, but the disadvantage is also obvious: many powerful
variational tools such as Morse theory and Fountain Theorem, are not directly applicable.

We will prove Theorem 1.1 for general p > 1 using a different approach. The key point
in our proof is that, although ® may possesses unbounded Palais-Smale sequences, under the
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assumptions of the theorem, the functional @ satisfies the Cerami condition. This is just as in
our previous work [16, 10], where the superlinear problem (1.1) is studied under the following
condition introduced by Jeanjean [11] for the case p = 2:

(Je) there exists > 1 such that 0 F(x,t) > F(x,st) for (x,t) € @ x Rand s € [0, 1], where
F(x,t) = f(x,t)t — pF(x,t).

Although (Je) is weaker than the assumption that

Jx,1)

[

is increasing in ¢ > 0, and decreasing in ¢ < 0, (1.6)

both (Je) and (1.6) are global conditions on f(x, t), therefore are not very satisfactory. In Lemma
2.5 we will show that under the local condition ( f) near infinity, the functional ® satisfies the
Cerami condition. Then Theorem 1.1 follows directly from the classical Mountain Pass Theorem.

Since ® satisfies the Cerami condition, C (P, 00), the critical groups at infinity, makes sense.
This enables us to compute Cx (P, 0co) and apply Morse theory to consider the following situa-
tion, which can not be dealt with via the approach of Miyagaki and Souto [18].

Let A1 and A, be the first and the second eigenvalues of —A , on Wol’p (€2). It is well known
that A; > O is a simple eigenvalue, and that 0 (—=A,) N (A1,A2) = &, where o(—A,) is the
spectrum of —A ,,, (cf. [2]). We assume the following condition on the nonlinearity near zero.

(foz) There exist p > 0 and X € (A1, A2) such that
Mt|P < pF(x,t) < At|?, for x € Q and |t]| < p.
Then we have the following theorem.

Theorem 1.2. Assume that (f.), (f), (f1) and (f>) are satisfied, then the problem (1.1) has a
nontrivial solution in Wol’p (R2).

Remark 1.3. (i) For the case p # 2, in the literature, to find nontrivial solutions most atten-
tion is paid to the case that 0 is a local minimizer of ®, then the mountain pass theorem is
applied. However, under our assumption (fi), 0 is not a local minimizer of ®. This case
has been considered in [15, 10], where a nontrivial solution is obtained under the condition
(f+), (f&), as well as (AR), or (Je) and (1.3), respectively.

(i1) In( foz) only the first two eigenvalues are involved. As in Perera [19], base on our computa-
tion of C, (P, 00), we may consider some situations involving higher eigenvalues. Assume

that
v
A= tim 100
tl—0 |¢|P ™ ¢

¢ o(—Ap).

If (f+), (f1) and ( f») are satisfied, then (1.1) has a nontrivial solution, see the proof of
[10, Theorem 1.3].

Another advantage of the fact that ® satisfies the Cerami condition is that we can easily obtain
multiplicity results in the case that f(x,¢) is odd in ¢.

Theorem 1.4. Assume that ( f+), (f1), (f2) and
(f) there exists A > 0 such that F(x,t) > —A |t|? for (x,1) € 2 x R

are satisfied. If f(x,t) = —f(x,—t), then (1.1) has a sequence of solutions {u,} such that
d(uy) — +o0.
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Remark 1.5. For related results on the existence of infinitely many solutions of superlinear el-
liptic problems, we refer to [26, 16]. In [26], the growth condition (1.4) is require, while in [16],
the global condition (Je) is assumed.

The paper 1s organized as follow: as preliminaries, in Section 2 we discuss the Cerami con-
dition and compute the relevant critical groups of the functional ®; in Section 3 we prove our
theorems.

2. Cerami condition and critical groups

Let ® be a C'-functional defined on a Banach space X, then the k-th critical group of ® at an
isolated critical point u with ®(u) = c is defined by

Cr (P, u) := Hp (P, D\ {u}), keN={0,1,2,---},

where H, is the singular relative homology with coefficients in an Abelian group ¢ and ®, =
&1 (—o00, c].

We say that @ satisfies the Cerami condition (C), if any sequence {u, } C X such that {®(u,)}
is bounded and (1 + ||un||) ||®'(un)|| — O has a convergent subsequence; such a sequence is
then called a Cerami sequence. If ® satisfies the condition (C) and the critical values of ® are
bounded from below by some o« > —oo, then the critical groups of @ at infinity were introduced
by Bartsch-Li [4] as

Cr (D, 0) := Hip (X, D), k € N. (2.1)

Note that by the deformation lemma, the right-hand side of (2.1) does not depend on the choice
of «.

The reader is referred to [5, 17] for more details on Morse theory. In the proofs of Theorem
1.2 we shall use the following result.

Proposition 2.1. Suppose that ® € C (X, R) satisfies the condition (C) and ® has only finitely
many critical points. Let 0 be an isolated critical point of ®. If for some k € N we have
Cr(D,0) # Cr (P, 00), then © has a nonzero critical point.

Remark 2.2. The result of Proposition 2.1 is well-known under the (P.S) condition. It is also true
under the condition (C) because in this situation the second deformation lemma is still valid, see
[21, Lemma 4.2].

The condition ( f,) implies that the functional & : Wol’p () — R,
1
d(u) = —/ |Vu|? dx —/ F(x,u)dx (2.2)
PJg Q

is well defined and of class C!. It is well known that the critical points of ® are weak solutions
of (1.1). In order to find critical points of ®, we must show that ® satisfies the condition (C).

Lemma 2.3. If ( f2) holds, then for any x € Q, F(x,t) is increasing int > R and decreasing
int < —R, where F(x,t) = f(x,t)t — pF(x,t). In particular, there exists C1 > 0 such that

F(x,s) < F(x,t)+ Cy (2.3)

forx € Qand 0 <s <tort <s <0.
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Proof. Assume R < s <t, we have

Fx,t) = F(x,s) =p B(f(x,l‘)t — f(x.8)s) = (F(x,1) - F(x,S))]

t
=p / fx.1) P~ dr — QEACIL) P lde
R tp—1 R spP—1
t
s 1Pl ptpP—1 pspP~1

)y |:/s<t (];(px_,ll) . fl—(jif)) Tp—l dt
(L S0 g R (S Sa]

R tp—1 sp—1 p tp—1 sp—1 -

The case t < s < —R 1s similar. .
Finally, by ( f+) we see that 7 € C(2 x R, R). Hence the number

Ci=1+ sup F(x,t)— inf F(x,t)
(x,)eQ2x[—R,R] (x,1)€Q2x[-R,R]
is finite. With this C; > 0 it is easy to see that (2.3) holds. L]

Remark 2.4. 1In the case p = 2 the conclusion of Lemma 2.3 has been stated in [18, Remark 1.1]
without proof. For the case that f is differentiable, the result can also be proved as follow. We
only consider the case t > R. By the monotonicity of % we deduce

0F (x,t) B 0
TR (f(x,0)t = pF(x,1))
df (x,1) d [ f(x,1)
= —(p—l)f(x,z)=t”5( - )zo.

Hence F(x,t) is incerasing int > R.
Lemma 2.5. Assume that ( f.), (f1), (f2) and (f) are satisfied, then ® satisfies the condition
(C).

Proof. Part of the proof (up to Eq. (2.7)) is identical to that of [16, Lemma 2.2] (see also [10,
Lemma 2.2]). We include it here for the reader’s convenience. Let {u,} be a Cerami sequence
of ®. Since the embedding Wol’p () — LP(R2) is compact, it suffices to show that {u,} is
bounded.

If {u,} is unbounded, up to a subsequence we may assume that for some ¢ € R,

d(u,) — c, |un| — oo, x| HCD’(un)H — 0. (2.4)

In particular

lim (%f(x, up)u, — F(x, un)) dx = nll)n;o { D(uy) — %(@’(un), up)y =c.  (2.35)

oo Ja
Let w, = |[un||”" un, up to a subsequence we have
W, — w in Wol’p(Q), w, — w in L? (), wy(x) = w(x) ae. x € Q.
If w =0, asin[11, 26], we choose a sequence {t,,} C [0, 1] such that

d(thuy,) = tgg)i] D(tuy,).
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For any m > 0, let v, = (2pm)*/Pw,. Since v, — 0 in L7(2) and
[F(x, )] < C(A+ [t]?),

by the continuity of the Nemitskii operator, we see that F (-, v,) — 0in L!(). Thus

lim F(x,v,)dx =0.

n—o0 Q

So for n large enough, (2pm)Y/?||lu, ||~ € (0, 1), and we deduce
d(thuy) = O(vy) =2m —/ F(x,v,)dx > m.
Q
That is, ®(t,u,) — oo. Now ®(0) = 0, ®(u,) — ¢, we see that ¢, € (0, 1), and

/Q|V(tnun)|p dx—/gf(x,tnun)tnun dx = (D' (tyuy), thiin)

d(t = 0.
dr (tun)

t:tn

:l’n

Therefore, using (2.3) we deduce
1
/ (—f(x, Ui, — F(x, un)) dx
Q\P
1 C1
> — f(x, thup)tyu, — F(x, tyuy) | dx — — ||
Q\P p
| Cq
= —/ |V (thun)|? dx—/ F(x, thuy)dx — — |Q]
P Jg Q p
Cq
= O(tyuy,) — ? |2| — +o0,

This contradicts with (2.5).

(2.6)

(2.7)

If w # 0, then the set ® = {x € Q : w(x) # 0} has positive Lebesgue measure. For x € ®

we have |u, (x)| — oo. hence by ( f1) we deduce
F(x,un(x))

|1 (x)]7
Since ®(u,) — ¢, using (2.8) and condition ( ), we deduce via the Fatou Lemma that

l_c—l—o(l) :/ F(x,uy,)
Q

p o luall® [

(/w?éo /w 0) fonr;)n)| wnl” dx

F
_/ (X—L;n)| n|pdx—A/ |lwy|? dx — +o0.
w#£0 |”n| w=0

[wn (x)]” — +o0.

dx

This is impossible.
In any case, we obtain a contradiction. Therefore, {u,} is bounded.

(2.8)

(2.9)

O

Remark 2.6. Note that under the assumptions of Theorems 1.1 and 1.2, the condition ( f) is

satisfied, hence ® satisfies the condition (C).
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For the proof of Theorem 1.2, we may assume that ® has only finitely many critical points.
Since & satisfies the condition (C), the critical groups Cy (P, co) of ® at infinity make sense.

Lemma 2.7. Assume that ( f.), (f1), (f2) and (f) are satisfied, then Ci(®,00) = 0 for all
k € N.

Proof. To simplify the notations we denote X = Wol’p (€2). Let
S={ueX: |u|=1}.
By (1.2) it is easy to see that for any u € S, we have
d(tu) — —oo, ast — +oo.

Let s = 01in (2.3), we see that

F(x,t) > —Cq, (x,1) e @ xR. (2.10)
Choose

a< min{ inf CD(u),—%Cl |Q|} .

lull<1
Then for any u € S, there exists # > 1 such that ®(tu) < a.If

t?
d(tu) = — —/ F(x,tu)dx <a,
P Q

using (2.10) we obtain
d
— ®(tu) = 177! —/ uf(x,tu)dx
dr Q

E%{pa-I—/QpF(x,tu)dx—/Qtuf(x,tu)dx}

= ; {pa—/;zf(x,tu)dx}

1
= ~ipa+ Ci|Qf; <0.

Therefore, by the Implicit Function Theorem, there exists a unique 77 € C(S, R) such that
O(T(u)u) = a.

Using the function 7', we can follow the argument in [15, Page 4] to construct a strong defor-
mation retract from X\ {0} to ®,, and deduce

Cr(®, 00) = Hy (X, ®,) = Hi(X, X\{0}) = 0. O

Remark 2.8. Result similar to Lemma 2.7 has been obtained (for p = 2) by Wang [23], under
the condition ( f,) and (AR). This result was then generalized to general p > 1 by Liu [15]. With
the condition (Je), similar result can be found in [10, Lemma 2.4].

To conclude this section we state the Fountain Theorem of Bartsch [3, Theorem 2.5], see also
[24, Theorem 3.6].

Let X be a reflexive and separable Banach space. It is well known that there exists {v, },cn C
X, {¢n},en € X ™ such that

(1) (@n.Vm) = 8p,m, where 8, ,, = 1 forn = m and 6, ,, = 0 forn # m.
(i) 5pan{va; n € N} = X,5pan” {pa; n € N} = X*.
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Let X; = Rv;, then X = P, X;. Now we define

i -
Yy :@jzlxj, Zy :@jzkxj. (2.11)
Then we have the following Fountain Theorem.

Theorem 2.9 (Fountain Theorem). Assume that ® € C'(X, R) satisfies the Cerami condition
(C), ®(—u) = ®(u). If for almost every k € N, there exist pp > rr > 0 such that

(1) by = inf ®(u) - 400, as k — oo,
UEZy,llull=ri
(i) ar = max  P(u) <0,

ueYy,llull=px
then ® has a sequence of critical points {uy } such that ®(uy) — +oo.
Remark 2.10. In [3, 24], the Fountain Theorem is established under the Palais-Smale (PS) con-

dition. Since the Deformation Theorem is still valid under the Cerami condition, we see that like
many critical point theorems, the Fountain Theorem is true under the Cerami condition.

3. The proofs of the theorems

In this section we prove our theorems and give some remarks for further results.

Proof of Theorem 1.1. 1t is well known that under the assumptions the functional ® has the
mountain pass geometry. Since @ satisfies condition (C), the Mountain Pass Theorem (with
Cerami condition) yields the desired result. [

Remark 3.1. In fact, using the standard truncated technique and the Strong Maximum Principle
we can obtain a positive solution 1 and a negative one u_. If p = 2 and f is of class C! so
that @ is of class C2, then the critical groups of ® at u4 can be computed:

Ck(CD, ui) = 8k,1g-

With this result and our computation of C,(®P, co) in Lemma 2.7, using Morse theory we can
obtain one more nontrivial solution as in [23, 5].

Proof of Theorem 1.2. Since f(x,0) = 0, the zero function 0 is a trivial critical point of ®.
By [15, Lemma 2.3], the condition ( fy) implies that C;(®, 0) # 0. While according to Lemma
2.7, Ci (P, 00) = 0 for all k € N. Now the desired result follows from Proposition 2.1. L]

Remark 3.2. Again, for the case p = 2 we can obtain better result. Let
A <A<+ <Am < Amg1 <---

be the eigenvalues of —A on H, (), counted with multiplicity. Instead of (f?) we assume
(f3)) there exists p > 0 such that Ay, 12 < 2F(x,1) < Amg1t? for t| < p.

Assume in addition that ( f,), (f1) and ( f2) hold. Then the problem (1.1) has a nontrivial solu-
tion.

In fact, according to [14, Lemma 4.2] the condition (/') implies that ® has a local linking at 0
with respect to some decomposition HO1 (RQ) =Y & Z, withdimY = m. Then by [13, Theorem
2.1] we have Cp, (D, 0) # 0.

Assuming the condition (AR), similar result can be found in [12, Theorem 4].
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Proof of Theorem 1.4. For the reflexive and separable Banach space X = Wol’p (£2), define
Yi, Zi as in (2.11). We know that ® satisfies the Cerami condition (C), and ®(—u) = ®(u).
It remains to verify the conditions (i) and (ii) of Theorem 2.9. The verification of (i) is quite
standard (see e.g. the proof of [24, Theorem 3.7] for the case p = 2), therefore is omitted here.

Verification of (ii). Since our nonlinearity may not satisfy the growth condition (1.4), the stan-
dard argument as in the proof of [24, Theorem 3.7] does not work. Hence we use an indirect
argument as follow.

Assume that (ii) of Theorem 2.9 does not hold for some given k. Then there exists a sequence
{un} C Y such that

|un|| — oo, ®d(uy) > 0. (3.1)
Let wy, = |[un] " up, then |w,| = 1. Since dim Y < oo, there exists w € Yi\ {0} such that
up to a subsequence,
|lw, —w| — 0, Wp(x) — w(x) ae.x € Q.

If w(x) # 0 then |u,(x)| — oo, and hence by condition ( f), there holds
F(x,un(x))
|1 (x) |7

Similar to (2.9), using ( f1) and ( /) we have

F
/ Floun) o1
Q

[wn (x)]” — +o0.

2 ||”
Hence . P
O(un) = [t ])? (— - ("—”",?)dx) S o
r Ja lual
a contradiction with (3.1). L]
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