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Abstract

We consider superlinearp-Laplacian equations inRN with a potential which is periodic or has a bounded
potential well. Without assuming the Ambrosetti-Rabinowitz type condition and the monotonicity of the
function t 7! f .x;t/

jt jp�1 , we prove the existence of ground states. Even for the casep D 2, our results extend

the recent results of Li, Wang and Zeng [Ann. Inst. H. Poincaré Anal. Non Linéaire 23 (2006), 829–837].
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1. Introduction

In this paper, we consider the followingp-Laplacian equation (1 < p < N ):
8
<
:
�div.jrujp�2ru/C V.x/jujp�2u D f .x; u/,
u 2 W 1;p.RN /.

(1.1)

We assume that the potentialV.x/ and the nonlinearityf .x; u/ satisfies the following conditions:

.V1/ V 2 C.RN /, and0 < ˛ � V.x/ � ˇ < C1.
.f1/ f 2 C.RN � R/ is 1 -periodic inx1; : : : ; xN , and

lim
jt j!1

f .x; t/

jt jp��1 D 0, lim
jt j!1

F.x; t/

jt jp D C1 (1.2)

uniformly in x 2 RN , whereF.x; t/ D R t
0
f .x; s/ds; p� D Np=.N � p/ for N � 3 and

an arbitrary real number greater thanp for N D 1; 2.
.f2/ f .x; t/ D o.jt jp�2t / asjt j ! 0, uniformly in x 2 RN .
.f3/ there exists� � 1 such that�F.x; t/ � F.x; st/ for .x; t/ 2 RN �R ands 2 Œ0; 1�, where

F.x; t/ D f .x; t/t � pF.x; t/.
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Note that if the nonlinearity is subcritical andp-superlinear, that is for someC > 0 andq 2
.p; p�/,

jf .x; t/j � C.1C jt jq�1/ , lim
jt j!1

f .x; t/t

jt jp D C1, (1.3)

then (1.2) is satisfied. Our condition (1.2) is slightly weaker. The condition (1.2) was first intro-
duced by Liu and Wang [23] and then was used in [19].

The study of elliptic problems of the form (1.1) in the semilinear casep D 2, has been
motivated in part by seraching standing waves for the nonlinear Schrödinger equation

i„@ 
@t
D � „

2

2m
� C QV .x/ � g.x;  /, (1.4)

namely, solutions of the form .t; x/ D exp.�iEt=„/u.x/. Wherem and„ are positive con-
stants andg satisfies

g.x; s�/ D f .x; s/�, .x; s/ 2 RN � R, and� 2 C with j�j D 1
for somef 2 C.RN � R/. The quasilinear casep 2 .1;N / also arise in a lot of applications,
such as image processing, non-Newtonian fluids, pseudo-plastic fluids, nonlinear elasticity and
reaction–diffusions, see [8] for more details.

By conditions.f1/ and.f2/, we deduce that there exists a constantC > 0 such that

jF.x; t/j � C.jt jp C jt jp�/. (1.5)

Consequently, the energy functionalˆ W W 1;p.RN /! R,

ˆ.u/ D 1

p

Z

RN
.jrujp C V.x/jujp/dx �

Z

RN
F.x; u/dx (1.6)

is of classC 1. The critical points of̂ are weak solutions of (1.1).
In many study onp-superlinear elliptic equations, the following superlinear condition of Am-

brosetti and Rabinowitz [3] is assumed:

.AR/ there is� > p such that0 < �F.x; t/ � tf .x; t/ for x 2 RN andt ¤ 0.
For the semilinear problem onRN , we refer to the classical works [5, 6, 17, 25], which are con-

cerning standing waves solutions of the nonlinear Schrödinger equation (1.4) mentioned above.
On the other hand, the quasilinear case is usually considered on a bounded domain, the reader
may find some results in this direction in [4, 7, 9, 21, 24]. In recent years more and more attention
is paid to the quasilinear elliptic equations setting onRN . To name a few we mention [1, 2, 11].
We would also like to mention a recent paper [12] where a quasilinear problem onRN involving
a more general differential operator, namely the so-callp.x/-Laplacian, is considered.

The role of.AR/ is to ensure the boundness of the Palais-Smale.PS/ sequences of the func-
tionalˆ. This is very crucial in applying the critical point theory. However, there are many func-
tions which arep-superlinear at infinity, but do not satisfy the condition.AR/ for any� > p. In
fact, .AR/ implies thatF.x; t/ � C jt j� for someC > 0 . Thus, for example thep-superlinear
function

f .x; t/ D jt jp�2t log.1C jt j/
does not satisfy.AR/. However, it satisfies our condition.f1/–.f3/.

The purpose of this paper is to study the problem (1.1) without assuming.AR/. Our basic
assumptions on the nonlinearity are.f1/–.f3/. Note that for the semilinear casep D 2 , the
condition .f3/ is due to Jeanjean [14]. To overcome the difficulty that the.PS/ sequences of
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ˆ may be unbounded, he established a variant of Mountain Pass Lemma which asserts that a
sequence of perturbed functionals possesses bounded.PS/ sequences. In [16], this condition
is also used with a Cerami type argument in singularly perturbed elliptic problems inRN with
autonomous nonlinearity. For quasilinear elliptic problems setting on a bounded domain, the
condition .f3/ is also used in [22] to obtain infinitely many solutions and in [13] to compute
the critical groups of̂ at infinity and obtain nontrivial solutions via Morse theory. It is also
important to note that iff .x;t/jt jp�1 is increasing int , then.f3/ is satisfied, see [22, Proposition 2.3]
for a proof.

By condition.f2/, we havef .x; 0/ D 0. Therefore the zero functionu D 0 is a trivial solution
of (1.1). We shall investigate the existence of nontrivial solutions for the problem (1.1). First, we
assume that the potentialV satisfies the following periodic condition.

.V2/ V .x/ is 1-periodic inx1; : : : ; xN .

Then we have the following theorem.

Theorem 1.1. Suppose the conditions.V1/, .V2/ and.f1/–.f3/ hold, then the problem(1.1) has
a ground state, i.e. a nontrivial solutionv such that

ˆ.v/ D inf
˚
ˆ.u/ W u ¤ 0 andˆ0.u/ D 0	 .

As in [19], we can also consider the potential well case. We assume that the potentialV

satisfies the following condition:

V.x/ < V1 WD lim
jxj!1

V.x/ <1, for all x 2 RN , (V�2)

and the nonlinearityf .x; t/ D f .t/ does not depend onx. That is, the problem is of the form
8
<
:
�div.jrujp�2ru/C V.x/jujp�2u D f .u/,
u 2 W 1;p.RN /.

(1.7)

Then we have an analogue of Theorem1.1. For the sake of simplicity, we only consider the case
N � 3.
Theorem 1.2. LetN � 3. If the conditions.V1/, .V�2/ and .f1/–.f3/ hold withf independent
of x, then the problem(1.7) has a ground state.

For the casep D 2, assuming in addition thatf is of classC 1 andf .x;t/jt j is strictly increasing
in t , the existence of ground state has been proved by Li, Wang and Zeng [19]. Since the solution
there is obtained as a minimizer of̂on the Nehari manifoldN , it is crucial to require thatf
is of classC 1. OtherwiseN may not be a smooth submanifold of the Sobolev space and it is not
clear that the minimizer onN is a critical point of̂ . Our Theorems1.1and1.2do not require
this smoothness condition. Therefore, even for the casep D 2 our results extend those of Li,
Wang and Zeng [19].

Instead of minimizing the functional̂ on the Nehari manifoldN , we will prove our results
by an mountain pass type argument. A crucial step is to prove that some kind of almost critical
sequence is bounded. In Lemma2.3 we adopt a technique developed in [14, 16] and the Lions
Lemma [20, Lemma I.1] to show that any Cerami sequence ofˆ is bounded. Then we obtain
nontrivial solution by taking advantage of theZN -invariant of the problem for the periodic case
and by energy comparison method for the potential well case. Finally, we show the existence of
ground states by using a technique of Jeanjean and Tanaka [15, Theorem 4.5], where for the case
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p D 2, in the potential well case, an asymptotically linear problem with autonomous nonlinearity
is considered.

2. Proof of Theorem1.1

Let X be a real Banach space,̂ 2 C 1.X;R/. Recall that a sequencefung � X is called
a Palais-Smale sequence ofˆ at the levelc, a .PS/c sequence for short, if̂ .un/ ! c and
ˆ0.un/ ! 0. A sequencefung � X is called a Cerami sequence ofˆ at the levelc, a .C /c
sequence for short, if

ˆ.un/! c, .1C kunk/


ˆ0.un/



! 0.

For simplicity, from now on we denoteX D W 1;p.RN /. Using condition.V1/, we can intro-
duce a new normk�k onX as follow

kuk D
�Z

RN
.jrujp C V.x/jujp/dx

�1=p
, u 2 X . (2.1)

It is well known that the new normk�k is equivalent to the standard normk�k1;p onX . With the
normk�k, the functional̂ can be written as

ˆ.u/ D 1

p
kukp �

Z

RN
F.x; u/dx.

As an easy consequence of.f1/ and.f2/, we have the following lemma.

Lemma 2.1. There existsr > 0 and� 2 X such thatk�k > r and

b WD inf
kukDr

ˆ.u/ > ˆ.0/ D 0 � ˆ.�/. (2.2)

Remark2.2. In fact,.f2/ implies that askuk ! 0 we have

hˆ0.u/; ui D kukp C o �kukp� , ˆ.u/ D 1

p
kukp C o �kukp� .

Therefore, it is also easy to see that

(i) there exists�0 > 0 such that for any nontrivial critical pointu of ˆ, there holdskuk � �0.
(ii) For anyc > 0, there exists�c > 0 such that if̂ .un/! c, thenkunk � �c .
By Lemma2.1we see that̂ has a mountain pass geometry: that is, setting

� D f
 2 C.Œ0; 1� ; X/ W 
.0/ D 0 andˆ.
.1// < 0g ,
we have� ¤ ;. By a special version of the Mountain Pass Lemma (see [10]), for the mountain
pass level

c D inf

2�

max
t2Œ0;1�

ˆ.
.t//, (2.3)

there exists a.C /c sequencefung for ˆ. Moreover, by (2.2) we see thatc > 0.
Next, we show that this.C /c sequence is bounded. Before that, we deduce from.f3/ that

f .x; t/t � pF.x; t/ � 0, for all .x; t/ 2 RN � R.

Let t > 0. Forx 2 RN , we have

@

@t

�
F.x; t/

tp

�
D tpf .x; t/ � ptp�1F.x; t/

t2p
� 0. (2.4)
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By .f2/,

lim
t!0C

F.x; t/

tp
D 0. (2.5)

From (2.4) and (2.5) we conclude thatF.x; t/ � 0 for all x 2 RN andt � 0. Arguing similarly
for the caset � 0, eventualy we obtain

F.x; t/ � 0, for all .x; t/ 2 RN � R. (2.6)

Now we are ready to prove the following lemma, which is inspired by [16, �3], where the
boundness of Cerami sequences for the modified functional related to a singular perturbed elliptic
problem is considered. The potentialV.x/ there is different from ours, the nonlinearity there is
autonomous and satisfies the stronger condition (1.3) with p D 2.
Lemma 2.3. Suppose that.V1/, .f1/, .f2/ and.f3/ hold,c 2 R, then any.C /c sequence of̂ is
bounded.

Proof. Let fung be a.C /c sequence of̂ . If fung is unbounded, up to a subsequence we may
assume that

ˆ.un/! c, kunk ! 1,


ˆ0.un/



 kunk ! 0.

In particular,

lim
n!1

Z

RN

�
1

p
f .x; un/un � F.x; un/

�
dx D lim

n!1

�
ˆ.un/ �

1

p
hˆ0.un/; uni

�
D c. (2.7)

Let vn D kunk�1 un, thenfvng is bounded inX . We claim that

lim
n!1

sup
y2RN

Z

B2.y/

jvnjp dx D 0. (2.8)

Otherwise, for someı > 0, up to a subsequence we have

sup
y2RN

Z

B2.y/

jvnjp dx � ı > 0.

We can choosefzng � RN such that
Z

B2.zn/

jvnjp dx � ı

2
.

It is easy to see that the number of points inZN \ B2.zn/ is less than4N . So there exists
yn 2 ZN \ B2.zn/, such that

Z

B2.yn/

jvnjp dx � � WD ı

2 � 4N > 0. (2.9)

Let Qvn D vn.� C yn/. Using condition.V1/ and (2.1), we have

k Qvnkp D
Z

RN
.jr Qvnjp C V.x/j Qvnjp/dx

�
Z

RN
.jr Qvnjp C ˇj Qvnjp/dx D

Z

RN
.jrvnjp C ˇjvnjp/dx

� ˇ

˛

Z

RN
.jrvnjp C ˛jvnjp/dx
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� ˇ

˛

Z

RN
.jrvnjp C V.x/jvnjp/dx D ˇ

˛
.

That is,f Qvng is also bounded inX . Passing to a subsequence we have

Qvn ! Qv in Lploc.R
N /, Qvn.x/! Qv.x/ a.e.x 2 RN .

Since Z

B2.0/

j Qvnjp dx D
Z

B2.yn/

jvnjp dx � � > 0, (2.10)

we see thatQv ¤ 0. Let Qun D kunk Qvn. If Qv.x/ ¤ 0 we havej Qun.x/j ! C1, and using (1.2) we
obtain

F.x; Qun.x//
j Qun.x/jp

j Qvn.x/jp !C1. (2.11)

Sincef .x; u/ is 1-periodic with respect tox, we have
Z

RN
F.x; un/dx D

Z

RN
F.x; Qun/dx. (2.12)

Since the set‚ D ˚x 2 RN W Qv.x/ ¤ 0	 has positive Lebesgue measure, using (2.11) we have

1

p
� c C o.1/kunkp

D
Z

RN

F.x; un/

kunkp
dx

D
Z

RN

F.x; Qun/
kunkp

dx

�
Z

Qv¤0

F.x; Qun/
j Qunjp

j Qvnjp dx !C1. (2.13)

This is impossible. Therefore we have proved (2.8). Now applying the Lions Lemma [20, Lemma
I.1] we obtain

vn ! 0 in Lq.RN /, 8q 2 .p; p�/. (2.14)

Next, we shall derive a controdiction as follow. Given a real numberR > 0, by .f1/ and.f2/, for
any" > 0, there existsC" > 0 such that

jF.x;Rt/j � ".jt jp C jt jp�/C C"jt jq . (2.15)

Sincekvnk D 1, there exists a constantC1 > 0 such that

jvnjpp C jvnjp
�
p� � C1.

Therefore, by (2.14) and (2.15),

lim sup
n!1

Z

RN
jF.x;Rvn/jdx � lim sup

n!1

n
"
�
jvnjpp C jvnjp

�
p�

�
C C"jvnjqq

o
� "C1.

Since" > 0 is arbitrary, we deduce

lim
n!1

Z

RN
F.x;Rvn/dx D 0. (2.16)

As in [14, 28], we choose a sequenceftng � Œ0; 1� such that

ˆ.tnun/ D max
t2Œ0;1�

ˆ.tun/. (2.17)
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Givenm > 0. Since forn large enough we havep
p
2pm kunk�1 2 .0; 1/, using (2.16) with

R D p
p
2pm, we obtain

ˆ.tnun/ � ˆ..2pm/1=pvn/ D 2m �
Z

RN
F.x; .2pm/1=pvn/dx � m.

That is,ˆ.tnun/!C1. Butˆ.0/ D 0,ˆ.un/! c, using (2.17) we see thattn 2 .0; 1/, and
Z

RN
.jr.tnun/jp C V.x/jtnunjp/dx �

Z

RN
f .x; tnun/tnun dx

D hˆ0.tnun/; tnuni
D tn

d

dt

ˇ̌
ˇ̌
tDtn

ˆ.tun/ D 0.

Now, by assumption.f3/,
Z

RN

�
1

p
f .x; un/un � F.x; un/

�
dx

� 1

�

Z

RN

�
1

p
f .x; tnun/tnun � F.x; tnun/

�
dx

D 1

�

�
1

p

Z

RN
.jr.tnun/jp C V.x/jtnunjp/dx �

Z

RN
F.x; tnun/dx

�

D 1

�
ˆ.tnun/!C1.

This contradicts with (2.7). Therefore we have proved thatfung is bounded.

Remark2.4. In the proof of Lemma2.3, instead of (2.12), the existence of� > 0 such that
Z

RN
F.x; un/dx � �

Z

RN
F.x; Qun/dx

is sufficient for deriving the contradiction (2.13). Therefore, it is not necessary to requiref .x; t/
to be periodic inx. For example, the conclusion of Lemma2.3remains valid if we replacef .x; t/
with b.x/f .t/, whereb 2 C.RN /, 0 < b0 � b.x/ � b1 < C1 for all x 2 RN .

Proof of Theorem1.1. The proof consists of two steps.
Step 1. We use the standard argument (see e.g. [27, Page 106] for the case that.AR/ holds and

p D 2) to show that (1.1) has a nontrivial solutionQv. Forc > 0 given in (2.3), there exists a.C /c
sequencefung for the functional̂ . Using Lemma2.3, the sequencefung is bounded inX . Let

ı D lim
n!1

sup
y2RN

Z

B2.y/

junjp dx. (2.18)

If ı D 0, applying the Lions Lemma [20, Lemma I.1] again,

un ! 0 in Lq.RN / , 8q 2 .p; p�/.
Thus, similar to (2.16), we have

lim
n!1

Z

RN
F.x; un/dx D 0, lim

n!1

Z

RN
f .x; un/un dx D 0. (2.19)



8 Shibo Liu

Hence using (2.7) we havec D 0, a contradiction. Thereforeı > 0. Similar to (2.10), we can
find a sequencefyng � ZN and a real number� > 0 such thatZ

B2.0/

jvnjp dx D
Z

B2.yn/

junjp dx > �, (2.20)

wherevn D un.�Cyn/. Note thatkvnk D kunk, we see thatfvng is bounded. Going if necessary
to a subsequence, we obtain

vn * Qv in X , vn ! Qv in Lploc.R
N /;

and, by (2.20) we see thatQv ¤ 0. Moreover, by theZN invariance of the problem,fvng is also a
.C /c sequence of̂ . Thus for every� 2 C10 .RN /, we have

hˆ0. Qv/; �i D lim
n!1
hˆ0.vn/; �i D 0.

Soˆ0. Qv/ D 0 and Qv is a nontrivial solution of (1.1).
Step 2. Using the technique in the proof of [15, Theorem 4.5], where in the potential well case,

an asymptotically linear problem with autonomous nonlinearity is considered, we show that the
problem (1.1) has a ground state. Let

m D inf
˚
ˆ.u/ W u ¤ 0 andˆ0.u/ D 0	 . (2.21)

Assume thatu is an arbitrary critical point of̂ . Since.f3/ implies

F.x; t/ � 0, for all .x; t/ 2 RN � R, (2.22)

we deduce

ˆ.u/ D ˆ.u/ � 1

p
hˆ0.u/; ui D 1

p

Z

RN
F.x; u/dx � 0 (2.23)

and thusm � 0. Therefore0 � m � ˆ. Qv/ < C1. Let fung be a sequence of nontrivail critical
points ofˆ such that̂ .un/! m. According to Remark2.2(i) we see that

kunk � �0 (2.24)

for some�0 > 0. Sinceun is critical we also have

.1C kunk/


ˆ0.un/



! 0.

Thusfung is a Cerami sequence at the levelm. By Lemma2.3, fung is bounded inX . For this
sequencefung, we denoteı as in (2.18). If ı D 0, similar to (2.19) we obtain

lim
n!1

Z

RN
f .x; un/un dx D 0,

and hence

kunkp D hˆ0.un/; uni C
Z

RN
f .x; un/un dx ! 0. (2.25)

This contradicts with (2.24). Henceı > 0. Now by theZN invariance of the problem, the same
argument of Step 1 shows that a suitable translation offung, denoted byfvng, satisfies

ˆ0.vn/ D 0, ˆ.vn/ D ˆ.un/! m,

andfvng converges weakly to somev ¤ 0, a nonzero critical point of̂ . Moreover, because of
(2.22), using Fatou’s lemma we deduce

ˆ.v/ D ˆ.v/ � 1

p
hˆ0.v/; vi D 1

p

Z

RN
F.x; v/dx
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� lim inf
n!1

1

p

Z

RN
F.x; vn/dx

D lim inf
n!1

�
ˆ.vn/ �

1

p
hˆ0.vn/; vni

�
D m. (2.26)

Therefore,v is a nontrivial critical point of̂ with ˆ.v/ D m, and Theorem1.1 is proved.

Remark2.5. (i) Although v is a nontrivial solution, it is possible thatm D ˆ.v/ D 0. To
obtain ground states withpositiveenergy, in view of (2.23), it suffices to assume in addition
that

F.x; t/ > 0, for x 2 RN , t ¤ 0.
This is the case iff .x;t/jt jp�1 is strictly increasing int .

(ii) In general we only have0 � m � c. To guaranteem D c, we have to assume thatf .x;t/jt jp�1
is strictly increasing int . Then we can follow the standard argument (see e.g. [25, 27]) to
show that

m D c D inf
˚
ˆ.u/ W u ¤ 0, hˆ0.u/; ui D 0	 ,

except that instead of Palais-Smale sequences we should use the Cerami sequences which
are bounded by Lemma2.3. Here we don’t need the condition.AR/.

(iii) Observe that the truncated nonlinearity

fC.x; u/ D
8
<
:
f .x; u/, u � 0,
0, u < 0

satisfies.f1/–.f3/ except that the limits in (1.2) are now taken ast !1. Thus, a parallel
argument shows that the truncated problem8

<
:
�div.jrujp�2ru/C V.x/jujp�2u D fC.x; u/,
u 2 W 1;p.RN /

has a ground statevC. By the strong maximum principlevC is a positive solution of (1.1)
with least energy among all positive solutions.

3. Proof of Theorem1.2

The proof of Theorem1.2 goes as [15], where for the casep D 2, an asymptotically linear
problem is considered. Recall that ifg 2 C.RN /,

jg.t/j � C.jt jp�1 C jt jp��1/,
andu 2 W 1;p.RN / is a nontrivial solution of

� div.jrujp�2ru/ D g.u/, (3.1)

then we have the Pohozaev identity

N � p
Np

Z

RN
jrujp dx D

Z

RN
G.u/dx, (3.2)

whereG.t/ D R t
0
g.s/ds. The identity (3.2) follows from

d

d�

ˇ̌
ˇ̌
�D1

'.u�/ D 0
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with u�.x/ D u.�x/, � > 0, and' 2 C 1.X;R/ given by

'.u/ D 1

p

Z

RN
jrujp dx �

Z

RN
G.u/dx.

For a nontrivial critical pointv 2 X of ', as in [15, �5] we set

vt .x/ D v.t�1x/ (3.3)

for t > 0. By a direct calculation it is easy to see thatvt has the following properties:

jrvt jpp D tN�pjrvjpp,

jvt jqq D tN jvjqq for all q 2 Œp; p��,Z

RN
G.vt /dx D tN

Z

RN
G.v/dx.

9
>>>=
>>>;

(3.4)

Using these properties, we can prove the following analogue of [15, Proposition 4.2].

Proposition 3.1. If v 2 X is a nontrivial critical point of', then there exists
 2 C.Œ0; 1� ; X/
such that
.0/ D 0, '.
.1// < 0, v 2 
.Œ0; 1�/ and

max
t2Œ0;1�

'.
.t// D '.v/.

Proof. The proof is similar to that of [15, Proposition 4.2]. Letvt be given as in (3.3). By (3.4)
and the Pohozaev identity (3.2) we have

'.vt / D
tN�p

p
jrvjpp � tN

Z

RN
G.v/dx D

�
1

p
tN�p � N � p

Np
tN
�
jrvj22.

We see that:

(i) maxt>0 '.vt / D '.v/;
(ii) '.vt /! �1 ast !1;

(iii) kvtkp1;p D jrvt jpp C jvt jpp D tN�2jrvjpp C tN jvjpp ! 0, ast ! 0.

Choosę > 1 such that'.v˛/ < 0 and set
.t/ D v˛t for t 2 .0; 1� and
.0/ D 0, we obtain the
desired
 .

Proof of Theorem1.2. We can now follow the approach presented in [15] to give the proof of
Theorem1.2. Since the nonlinearity does not depend onx, the functional̂ is now written as

ˆ.u/ D 1

p

Z

RN
.jrujp C V.x/jujp/dx �

Z

RN
F.u/dx.

We also need to consider the functionalˆ1 W X ! R,

ˆ1.u/ D
1

p

Z

RN
.jrujp C V1jujp/dx �

Z

RN
F.u/dx.

Note that by condition.V�2/, if u 2 Xn f0g, then

ˆ.u/ < ˆ1.u/. (3.5)

Step 1. We show that̂ has a nontrivial critical point. As before, for the mountain pass level
c > 0,ˆ has a.C /c sequencefung. By Lemma2.3, fung is bounded inX . Henceun * u in X ,
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andu is a critical point of̂ . Assume thatu D 0. Using condition.V�2/ and the fact thatun ! u

in Lploc.R
N /, we see that

jˆ1.un/ �ˆ.un/j D
Z

RN
.V1 � V.x//junjp dx ! 0,



ˆ01.un/ �ˆ0.un/


 D sup

�2X;k�kD1

ˇ̌
ˇ̌
Z

RN
.V1 � V.x//un� dx

ˇ̌
ˇ̌! 0.

That is, the bounded sequencefung is also a.PS/c sequence of̂ 1. Let

ı D lim
n!1

sup
y2RN

Z

B2.y/

junjp dx. (3.6)

If ı D 0, similar to (2.25) we havekunkp ! 0. This is a contradiction with Remark2.2 (ii).
Therefore,ı > 0 and there exists a sequencefyng � RN such that

Z

B2.yn/

junjp dx � ı

2
> 0. (3.7)

Let vn D un.� C yn/. Since

kvnk D kunk , ˆ1.vn/ D ˆ1.un/, ˆ01.vn/ D ˆ01.un/,
we see thatfvng is also a bounded.PS/c sequence of̂ 1. As in Step 1 in the proof of Theorem
1.1, using (3.7) we see thatvn * v in X , v ¤ 0 andv is a critical point ofˆ1. Moreover,
estimating as (2.26) we have

ˆ1.v/ � c.
Now applying Proposition3.1toˆ1, with

g.t/ D f .t/ � V1t ,
we see that there exists
 2 C.Œ0; 1� ; X/ such that
.0/ D 0,ˆ1.
.1// < 0, v 2 
.Œ0; 1�/ and

max
t2Œ0;1�

ˆ1.
.t// D ˆ1.v/.

By the construction of
 in the proof of Proposition3.1, we also know that0 … 
..0; 1�/. There-
fore according to (3.5) we have

ˆ.
.t// < ˆ1.
.t// (3.8)

for all t 2 .0; 1�. In particularˆ.
.1// � ˆ1.
.1// < 0 and hence
 2 �. Note that̂ .0/ D
ˆ1.0/ D 0 andc > 0, we deduce

c � max
t2Œ0;1�

ˆ.
.t// < max
t2Œ0;1�

ˆ1.
.t// D ˆ1.v/ � c. (3.9)

This is a contradiction. Thusu ¤ 0 andu is a nontrivial solution of problem (1.7). Note that
sincefung is a.C /c sequence of̂ andun * u in X , estimating as in (2.26) we havê .u/ � c.

Step 2. We show that the problem (1.7) has a ground state. Denotem as in (2.21). As before,

0 � m � ˆ.u/ � c. (3.10)

Now let fung be a sequence of nontrivial critical points ofˆ such that̂ .un/ ! m. As in the
proof of Theorem1.1, fung is bounded andı > 0, whereı is defined via (3.6). Moreover, up
to a subsequenceun * Qu in X , and Qu is a critical point ofˆ, with ˆ. Qu/ � m. If Qu D 0, as
in Step 1 the bounded sequencefung is also a.PS/m sequence of̂ 1. Sinceı > 0, a suitable
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translation offung, denoted byfvng, converges weakly to a nonzero critical pointv of ˆ1, with
ˆ1.v/ � m. Similar to (3.9), using Proposition3.1, we can find a path
 2 � such that

c � max
t2Œ0;1�

ˆ.
.t// < max
t2Œ0;1�

ˆ1.
.t// D ˆ1.v/ � m.

This is a contradiction with (3.10). Therefore Qu ¤ 0 is a nontrivial critical point of̂ with
ˆ. Qu/ D m. The proof is complete.

Remark3.2. In the proof of Theorem1.2, the strict inequality (3.8) is crucial. For its validity,
since we don’t know whether the nontrivial critical pointv of ˆ1 can vanish on some set with
positive Lebesgue measure, we have to assumeV.x/ < V1 for all x 2 RN .

If we are intended to find positive solutions of (1.7), then we are led to the truncated problem
as described in Remark2.5 (iii). In this case the nontrivial critical pointv of the truncated̂ 1
is positive everywhere, thus we only need to assumeV.x/ � V1 for all x 2 RN , because this
condition is sufficient for (3.8) in the caseV.x/ 6� V1, while the caseV.x/ � V1 is simpler.

In view of Remark2.4, if we replacef .t/ with b.x/f .t/, whereb 2 C.RN /,
0 < b0 WD lim

jt j!1
b.x/ � b.x/ � b1 < C1 (3.11)

for all x 2 RN , the Cerami sequences are still bounded. Working with the limiting functional

ˆ1.u/ D
1

p

Z

RN
.jrujp C V1jujp/dx �

Z

RN
b0F.u/dx,

with little changes, we see that The conclusion of Theorem1.2remains valid.

4. Summary

The purpose of this paper is to investigate the existence of nontrivial solutions for superlin-
earp-Laplacian equations inRN in the case that the nonlinearity may not satisfy the standard
Ambrosetti-Rabinowitz condition.AR/. Our results are new and improve some recent results in
the literature even for the semilinear casep D 2, see the paragraph after Theorem1.2.

The main ingredient of this work is Lemma2.3. For the semilinear casep D 2 the bound-
edness of Cerami sequences has been proved in [15, �3], for the modified functional related to
an autonomous problem. To deal with the nonautonomous case considered here, in the proof of
Lemma2.3we have employed the argument between (2.9) and (2.13).

To conclude this paper, we state some further problems related to this work.

Problem 4.1. In (3.11), if b0 D 0, then the limiting functional becomes

ˆ1.u/ D
1

p

Z

RN
.jrujp C V1jujp/dx.

This functional does not have nonzero critical points. Therefore the energy comparision method
does not work. Thus it seems interesting to investigate the existence of solutions for this case.

Problem 4.2. For the semilinear casep D 2. It is well known that ifV 2 C.RN / is periodic,
then the Schrödinger operatorS W H 2.RN /! L2.RN /,

u 7! ��uC V.x/u
has purely continuous spectrum which is bounded below and consists of closed disjoint intervals,
see e.g. [26, Thm XIII.100]. Under the assumption of Theorem1.1, except thatV is now allowed
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to take negative values. If0 lies in a spectral gap ofS , then the corresponding function̂ is
strongly indefinite and the mountain pass lemma is not applicable. Naturally one may try to
apply thegeneralized linking theorem[18, Theorem 2.1] to produce a Cerami sequencefung for
ˆ. Unfortunately the proof of Lemma2.3 is not sufficient to obtain the boundeness offung: in
the later part we can not deducê.tnun/! C1 becausê is strongly indefinite. Therefore, it
is interesting and challenging to prove the existence of nontrivial solutions for this case.
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[28] W.M. Zou, Variant fountain theorems and their applications, Manuscripta Math. 104 (2001), 343–358.


