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Abstract

We consider superlinear-Laplacian equations iR" with a potential which is periodic or has a bounded
potential well. Without assuming the Ambrosetti-Rabinowitz type condition and the monotonicity of the

function? — If;l(l’f_’l) we prove the existence of ground states. Even for the gase?, our results extend
the recent results of Li, Wang and Zeng [Ann. Inst. H. Poincaré Anal. Non Linéaire 23 (2006), 829—837].
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1. Introduction

In this paper, we consider the followingLaplacian equationl(< p < N):

—div(|Vu|P72Vu) + V(xX)|[ul?2u = f(x,u),

1.1
u e wh?RVN). &

We assume that the potentialx) and the nonlinearity (x, u) satisfies the following conditions:

(V1) VeCRM),and0 <a < V(x) < B < +o0.
(f1) f e C(RY xR)is1 -periodicinx,,...,xy, and

SED o g B

lt|>oo |t]P*1 tl>oo  |t]P

(1.2)

uniformly in x € RY, whereF (x,t) = [, f(x,s)ds; p* = Np/(N — p) for N > 3 and
an arbitrary real number greater tharfior N = 1, 2.

(f2) f(x,t) = o(|t|P?¢) as|t| — 0, uniformly inx € RV.

(f3) there exist® > 1 suchthab F(x,t) > F(x,st) for (x,1) € R¥Y xRands € [0, 1], where
F(x,t) = f(x,t)t — pF(x,t).
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2 Shibo Liu
Note that if the nonlinearity is subcritical angsuperlinear, that is for somé > 0 andg €

(p.P*),
S, 0
[t]—o00 |l |p

then (L.2) is satisfied. Our conditioril(2) is slightly weaker. The conditioriL(2) was first intro-
duced by Liu and Wan¢23] and then was used i1§].

The study of elliptic problems of the forni(l) in the semilinear caseg = 2, has been
motivated in part by seraching standing waves for the nonlinear Schrodinger equation

oy h?

ihﬁ = —%Aw + V()Y — g(x,¥), (1.4)

namely, solutions of the forng (z, x) = exp(—iEt/h)u(x). Wherem and# are positive con-
stants ang satisfies

g(x,s8&) = f(x,s)§, (x,5) e RY xR, andé e Cwith || =1

for somef € C(RY x R). The quasilinear casg € (1, N) also arise in a lot of applications,
such as image processing, non-Newtonian fluids, pseudo-plastic fluids, nonlinear elasticity and
reaction—diffusions, se@] for more details.

By conditions(f;) and(f,), we deduce that there exists a constant 0 such that

[F(xe,0)] < C(It)” + [¢177), (1.5)
Consequently, the energy functiorl: W1-?(RY) — R,

|f(x, 0] < C(+ 2|77,

00, (1.3)

®(u) = l/ (IVul? + V(x)|u|?) dx —/ F(x,u)dx (1.6)
P JRN RN

is of classC !. The critical points ofP are weak solutions ofL(1).
In many study orp-superlinear elliptic equations, the following superlinear condition of Am-
brosetti and Rabinowit3] is assumed:

(AR) thereisy > p suchthab < uF(x,t) <tf(x,t) forx e RN andr # 0.

For the semilinear problem d®? , we refer to the classical works,|6,/17,25], which are con-
cerning standing waves solutions of the nonlinear Schrodinger equat@mientioned above.

On the other hand, the quasilinear case is usually considered on a bounded domain, the reader
may find some results in this direction ¥ [7,9, 21, 24]. In recent years more and more attention

is paid to the quasilinear elliptic equations settingRh. To name a few we mentioA[2, 11].

We would also like to mention a recent papgg][where a quasilinear problem &1¥ involving

a more general differential operator, namely the soe@il)-Laplacian, is considered.

The role of(AR) is to ensure the boundness of the Palais-Sifale) sequences of the func-
tional ®. This is very crucial in applying the critical point theory. However, there are many func-
tions which arep-superlinear at infinity, but do not satisfy the conditigxR) for any > p. In
fact, (AR) implies thatF (x,t) > C|t|* for someC > 0. Thus, for example th@-superlinear
function

Sty =1t]P 2t log(1 + |¢])
does not satisfyAR). However, it satisfies our conditigifi; )—(f3).

The purpose of this paper is to study the probldni)(without assuming AR). Our basic
assumptions on the nonlinearity affg)—(f3). Note that for the semilinear cage = 2 , the
condition (f3) is due to Jeanjearilf]]. To overcome the difficulty that thePS) sequences of
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® may be unbounded, he established a variant of Mountain Pass Lemma which asserts that a
sequence of perturbed functionals possesses bouifigd sequences. Irilg], this condition
is also used with a Cerami type argument in singularly perturbed elliptic probleR¥ iwith
autonomous nonlinearity. For quasilinear elliptic problems setting on a bounded domain, the
condition (f3) is also used in22] to obtain infinitely many solutions and ii1§] to compute
the critical groups ofd at infinity and obtain nontrivial solutions via Morse theory. It is also
important to note that if% is increasing irr, then(fs) is satisfied, see2R, Proposition 2.3]
for a proof.

By condition(f,), we havef(x,0) = 0. Therefore the zero functian= 0is a trivial solution
of (1.1). We shall investigate the existence of nontrivial solutions for the prohleth Eirst, we
assume that the potentill satisfies the following periodic condition.

(V2) V(x)is1-periodicinxy,...,xn.
Then we have the following theorem.

Theorem 1.1. Suppose the conditiori¥ ), (V) and(f;)—(f3) hold, then the probler{l.1) has
a ground statei.e. a nontrivial solutiorv such that

®(v) = inf {®(u) : u #0andd'(u) = 0}.

As in [19], we can also consider the potential well case. We assume that the poténtial
satisfies the following condition:

V(x) < Voo := lim V(x) <oo, forallxeRY, (V%)

li
|x]|—00
and the nonlinearity/(x,¢) = f(¢) does not depend on That is, the problem is of the form

—div(|Vul?2Vu) + V() |[u|?>u = f(u),

1.7
u e wh?(RVN). &

Then we have an analogue of Theorgrti For the sake of simplicity, we only consider the case
N > 3.

Theorem 1.2. Let N > 3. If the conditiongVy), (V3) and (f;)—(f3) hold with /' independent
of x, then the problen{l.7) has a ground state.

For the case = 2, assuming in addition thaf is of classC'! and% is strictly increasing
in ¢, the existence of ground state has been proved by Li, Wang and Z@In&ince the solution
there is obtained as a minimizer ®f on the Nehari manifoldV/, it is crucial to require thatf
is of classC'!. Otherwise\" may not be a smooth submanifold of the Sobolev space and it is not
clear that the minimizer o\ is a critical point of®. Our Theorem4.1 and1.2 do not require
this smoothness condition. Therefore, even for the gase 2 our results extend those of Li,
Wang and Zeng19].

Instead of minimizing the functiona on the Nehari manifoldV, we will prove our results
by an mountain pass type argument. A crucial step is to prove that some kind of almost critical
sequence is bounded. In Lemi2& we adopt a technique developed i¥[16] and the Lions
Lemma RC, Lemma 1.1] to show that any Cerami sequenceabak bounded. Then we obtain
nontrivial solution by taking advantage of td& -invariant of the problem for the periodic case
and by energy comparison method for the potential well case. Finally, we show the existence of
ground states by using a technique of Jeanjean and Tah%kKBH{eorem 4.5], where for the case
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p = 2, inthe potential well case, an asymptotically linear problem with autonomous nonlinearity
is considered.

2. Proof of Theorem1.1

Let X be a real Banach spac®, € C'(X,R). Recall that a sequendae,} C X is called
a Palais-Smale sequence ®fat the levelc, a (PS). sequence for short, ®(u,,) — ¢ and
@' (u,) — 0. A sequencdu,} C X is called a Cerami sequence ®fat the levelc, a (C),
sequence for short, if

D(uy) — ¢, (1 + [lunl) | @ (un)| — 0.

For simplicity, from now on we denot& = W -?(R¥). Using condition(V;), we can intro-
duce a new nornjj-|| on X as follow

1/p
|wn=(ﬁNuvmp+Vanmm¢0 . uex. 2.1)

It is well known that the new norri|| is equivalent to the standard notfi[, , on X . With the
norm ||-||, the functional® can be written as

1
o) = - ul” - [ Fxud.
4 RN
As an easy consequence(6f) and(f,), we have the following lemma.

Lemma 2.1. There exists > 0 and¢ € X such that|¢| > r and
b:= inf ®u)> &0) =0> d(¢). (2.2)

lull=r

Remark2.2 In fact, (f,) implies that agju| — 0 we have
1
(@' (), u) = [ull” +o(Jul”),  Pm)= > lull” + o (Ilu]”) -

Therefore, it is also easy to see that
(i) there existeoy > 0 such that for any nontrivial critical poimt of ®, there holdg|u|| > po.
(i) For anyc > 0, there existp, > 0 such that if®(u, ) — ¢, then|ju,| > pc.
By Lemma2.1we see that has a mountain pass geometry: that is, setting
I'={yeC(0,1],X) : y(0) = 0andd(y(1)) < 0},

we havel’ # 0. By a special version of the Mountain Pass Lemma ($6p,[for the mountain
pass level

¢ = inf max ®(y(t)), (2.3)
y€r t€[0,1]

there exists &C). sequencéu, } for ®. Moreover, by 2.2) we see that > 0.
Next, we show that thisC ). sequence is bounded. Before that, we deduce ffgithat

f(x,t)t — pF(x,t) >0, forall (x,7) € RY xR.
Lets > 0. Forx € RY, we have

0 (F(x,t)) _ P f(x.n) — ptP7lF(x,1) .

— 0. 24
ot 4 t2p (2.4)
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By (f2),

F(x,t

jim £&0
t—0t tP

From (2.4) and 2.5) we conclude thafF(x,¢) > 0 for all x € RY and¢ > 0. Arguing similarly

for the case < 0, eventualy we obtain

F(x,t)>0, forall(x,r) e RN xR. (2.6)

0. (2.5)

Now we are ready to prove the following lemma, which is inspired/1g §3], where the
boundness of Cerami sequences for the modified functional related to a singular perturbed elliptic
problem is considered. The potentialx) there is different from ours, the nonlinearity there is
autonomous and satisfies the stronger conditiog) (vith p = 2.

Lemma 2.3. Suppose thatV,), (f1), (f2) and(f3) hold,c € R, then any(C),. sequence ob is
bounded.

Proof. Let {u,} be a(C). sequence ob. If {u,} is unbounded, up to a subsequence we may
assume that
D(uy) — ¢, [un| — oo, H CI)/(M,,)H [unl — 0.

In particular,

lim / (lf(x,un)un — F(x,un)) dx = lim {fb(un) — l(CID’(un),un) =c. (2.7)
RV \ P n=o0 p

n—-oo

Letv, = ||lun|~" un, then{v,} is bounded inX. We claim that

lim sup [v,|? dx = 0. (2.8)

=00 yerN J B3 (y)

Otherwise, for somé > 0, up to a subsequence we have

sup |vy|? dx > 6 > 0.
yeRN J Bz (y)

We can chooséz,} ¢ RY such that

)
/ [vp|? dx > —.
B>(zn) 2

It is easy to see that the number of pointsZf N B,(z,) is less thard¥. So there exists
yu € ZN N B, (z,), such that

)
Pdx >k := 0. 2.9
/Bz(J’n)|vn| T T (29)

Letv, = v, (- + y,). Using condition(V;) and R2.1), we have

[5nll” = [ (9517 + V517
< [ AVl + Blalndx = [ (V0,17 + Blunl) o
RN RN

59/<Www+mm%m
o JrRN
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< é/ (Voul? + V() oal?)dx = 2.
o JrRN o

That is,{7,} is also bounded itX . Passing to a subsequence we have

Up — 0 in LE

P (RY), #(x) — d(x) a.ex € RV,

Since
/ [U,]P dx = / |vp|? dx >k > 0, (2.10)
B>(0) B>(yn)
we see thaf # 0. Letii, = |luy| 0,. If 9(x) # 0 we havelii, (x)| — +o0, and using1.2) we
obtain Fe
FOu0)) 5 P = oo, (2.11)
|tin (x)]?
Since f(x, u) is 1-periodic with respect ta, we have
/ F(x,uy)dx =/ F(x,u,)dx. (2.12)
RN RN

Since the se® = {x e RN : §(x) # ()} has positive Lebesgue measure, usiad 1) we have

1 c+o(]) /‘ F(x,uy)
—_ — 7 = - dx
p [l RV [luall
/ F(x9 ﬁn)
= T dx
RV unll
F(x,uy), .
> / FO0 80 51 > o (2.13)
540  |Unl?

This is impossible. Therefore we have prov2dE]. Now applying the Lions Lemm&0, Lemma
1.1] we obtain
ve =0 inLIRYN), Vge(pph. (2.14)

Next, we shall derive a controdiction as follow. Given a real nuner 0, by (f;) and(f,), for
anye > 0, there exist€’, > 0 such that

|[F(e, RO| < e(lt]” + 11177) + Cele . (2.15)
Sincellv, || = 1, there exists a consta@y > 0 such that
|Un|5 + |vn|Z* < (.

Therefore, by2.14 and 2.15),

limsup | |F(x, Ruy)|dx < lim sup{e (|vn|§ + |v,,|§I) + c8|v,,|g} <&
N

n—o0 R n—o0

Sincee > 0 is arbitrary, we deduce

n—o00

Iim/ F(x, Rv,)dx = 0. (2.16)
RN

As in [14,128], we choose a sequen¢g } C [0, 1] such that
d(thu,) = max d(tu,). (2.17)
t€l0,1]
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Givenm > 0. Since forn large enough we havé/2pm ||u,,||_1 € (0,1), using R.16) with
R = %/2pm, we obtain

B(taitn) = D(2pm)Pv,) = 2m — /

F(x, 2pm)Y?v,)dx > m.
RN

That is,®(t,u,) — +o00. But®(0) = 0, ®(u,) — ¢, using .17 we see that, € (0, 1), and

/ IV (tten)|? + V) ltmitn] P — / F 6 tuttn Yt
RN RN

= ((b/(tnun), nUp)

=1, —

®(tu,) = 0.
9 (tuy,) =0

t=t]7

Now, by assumptioifs),

[, (5 e, = Py an
RV \P

> _
o 9 RN
1 /1
=5 (5 [, 09 vty s = [ Fex s )
0 P JRN RN
1
= gcb(tnun) — +o00.
This contradicts withZ.7). Therefore we have proved that, } is bounded. O

Remark2.4. In the proof of Lemm&.3, instead of 2.12), the existence oft > 0 such that

/ F(x,u,)dx > /L/ F(x,u,)dx
RN RN

is sufficient for deriving the contradictio?(13. Therefore, it is not necessary to requjféx, t)
to be periodic inc. For example, the conclusion of Lemia& remains valid if we replace(x, t)
with b(x) f(t), whereb € C(RV),0 < by < b(x) < b; < +ooforall x e RV,

Proof of Theoreri.l. The proof consists of two steps.

Step 1 We use the standard argument (see 21.Page 106] for the case th@R) holds and
p = 2)to show that1.1) has a nontrivial solutiol. Forc > 0 given in 2.3), there exists &C).
sequencéu, } for the functionakb. Using Lemmé2.3 the sequencéu,} is bounded inX . Let

§ = lim sup lu, |2 dx. (2.18)

n—00 yeRN J Bz (y)
If 6 = 0, applying the Lions Lemm&0, Lemma I.1] again,
up — 0 inLIRY),  Vqe(pph).

Thus, similar to2.1€), we have

lim / F(x,u,)dx =0, lim f(x,up)u, dx = 0. (2.19)
RN

n—0o0 n—o0 RN
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Hence using.7) we havec = 0, a contradiction. Therefor& > 0. Similar to 2.10, we can
find a sequencey,} ¢ ZV¥ and a real number > 0 such that

/ vy |P dx = / [un|? dx > «, (2.20)
B>(0) B>(yn)

wherev, = u,(-+ y,). Note thatj|v, || = ||ux||, we see thafv, } is bounded. Going if necessary
to a subsequence, we obtain

vy = inX, v, —vinLE (RY);
and, by 2.20) we see that # 0. Moreover, by th&” invariance of the problen{p,,} is also a

(C). sequence ob. Thus for everyp € C(;"’(RN), we have
(@'(D), ¢) = (@' (vn), ¢) = 0.

Sod’(v) = 0 andv is a nontrivial solution of1.1).

Step 2Using the technique in the proof d%, Theorem 4.5], where in the potential well case,
an asymptotically linear problem with autonomous nonlinearity is considered, we show that the
problem (.1) has a ground state. Let

lim
n—>o0

m = inf{®u) : u # 0andd’(u) = 0}. (2.21)
Assume that: is an arbitrary critical point o. Since(f;) implies
F(x,1) >0, forall(x,7) e RN xR, (2.22)
we deduce | |
S(u) = ®(u) — — (@' (u),u) = —/ F(x,u)dx >0 (2.23)
p P JRN

and thusn > 0. Therefored < m < ®(v) < 4o00. Let{u,} be a sequence of nontrivail critical
points of® such thatb(u,,) — m. According to RemarR.2 (i) we see that

[l = po (2.24)
for somepy > 0. Sinceu,, is critical we also have
(1 + [[unl) ” q)/(”n)” — 0.

Thus{u,} is a Cerami sequence at the level By LemmaZ2.3, {u,} is bounded inX. For this
sequencéu, }, we denote§ as in 2.18). If § = 0, similar to 2.19 we obtain

lim / f(x,uy)u, dx =0,
RN

n—>o00
and hence
Banll? = (@ (). ) + / £ty dx — 0. (2.25)
RN

This contradicts withiZ.24). Hence§ > 0. Now by theZ” invariance of the problem, the same
argument of Step 1 shows that a suitable translatidmu pf, denoted byv, }, satisfies
®'(v,) =0, D(vy) = ®(uy) — m,

and{v,} converges weakly to some=# 0, a nonzero critical point o®. Moreover, because of
(2.22), using Fatou’s lemma we deduce

d(v) = P(v) — %(Cb/(v), v) = %fRN F(x,v)dx
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o1
< liminf — F(x,v,)dx
n—>00 p JRN

. 1
= liminf (CD(vn) — — (D' (vp), vn)) = m. (2.26)
n—oo p
Thereforep is a nontrivial critical point of® with ®(v) = m, and Theorerd.1lis proved. [

Remark2.5. (i) Althoughv is a nontrivial solution, it is possible that = ®(v) = 0. To
obtain ground states witositiveenergy, in view of2.23), it suffices to assume in addition
that

F(x,t) >0, forxeRM,t+#0.
This is the case i% is strictly increasing in.
(i) In general we only haveé < m < c. To guarantee: = ¢, we have to assume th ,’,"_ﬂ)

is strictly increasing irt. Then we can follow the standard argument (see 25/d7]) to
show that
m=c=inf{®): u #0, (P (), u) =0},
except that instead of Palais-Smale sequences we should use the Cerami sequences which
are bounded by Lemnfa3. Here we don’t need the conditi¢AR).
(i) Observe that the truncated nonlinearity

f(x,u), u >0,
0, u<0

f+(X,U) =

satisfieq(f;)—(f3) except that the limits in1.2) are now taken as — oco. Thus, a parallel
argument shows that the truncated problem

—div(|Vu|?72Vu) + V() |u|?2u = fi(x,u),

u e wh?(RY)
has a ground state, . By the strong maximum principle,. is a positive solution of1.1)
with least energy among all positive solutions.

3. Proof of Theorem1.2

The proof of Theoreni.2 goes as15], where for the case = 2, an asymptotically linear
problem is considered. Recall thaigife C(RY),

g < CQeP~H + 11777,
andu € W1?(R") is a nontrivial solution of

— div(|Vu|?72Vu) = g(u), (3.1)
then we have the Pohozaev identity
N —
P / [Vu|? dx = / G(u)dx, (3.2)
Np RN RN

whereG(r) = [, g(s)ds. The identity 8.2) follows from

AN
9 p”) =0

A=1
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with u*(x) = u(Ax), A > 0, andy € C!(X,R) given by

1
o(u) = —/ |Vul|? dx—/ G(u)dx.
P JRN RN
For a nontrivial critical poinb € X of ¢, as in [L5, §5] we set
v (x) = v(t " 1x) (3.3)

fort > 0. By a direct calculation it is easy to see thahas the following properties:

V|5 = NP V8,

v |2 =tV |v|¢ forallq € [p. p*], (3.4)
/ G(v;)dx = ZN/ G(v)dx.
RN RN

Using these properties, we can prove the following analogu&5)fProposition 4.2].

Proposition 3.1. If v € X is a nontrivial critical point ofp, then there existg € C([0, 1], X)
such thaty(0) = 0, ¢(y(1)) < 0, v € y([0, 1]) and

max ¢(y (1)) = ¢(v).
t€l0,1]

Proof. The proof is similar to that ofll5, Proposition 4.2]. Let, be given as in3.3). By (3.4)
and the Pohozaev identit.@) we have

1 N —
Vo2 — rN/ G(v)dx = (—IN_I’ . —pzN) Vo2,
P RN p Np

(N-p

@(vy) =

We see that:

(i) max-op(v:) = @(v);
(i) ¢(v;) > —oo0 ast — oo;
(iii) ||v,||f,p = |V |h + |ve]h = V2| Vulh + V]| — 0,ast — 0.

Chooser > 1 such thatp(vy) < 0 and sety(t) = vy, fort € (0, 1] andy(0) = 0, we obtain the
desiredy. O

Proof of Theoreri.Z. We can now follow the approach presenteclf]fto give the proof of
Theoreml.Z. Since the nonlinearity does not dependwihe functionakb is now written as

1
d(u) = —/ (IVul? + V(x)|u|?)dx —/ F(u)dx.
P JRN RN
We also need to consider the functioda), : X — R,
1
Doo(u) = —/ (IVul? + Volu|?)dx —/ F(u)dx.
P JRN RN

Note that by conditiorfVy), if u € X'\ {0}, then
D(u) < Do (u). (3.5)

Step 1 We show thatd has a nontrivial critical point. As before, for the mountain pass level
¢ >0, ® has aC). sequencéu, }. By Lemme2.3 {u,} is bounded inX. Henceu, — uin X,
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andu is a critical point of®. Assume that = 0. Using condition(V3) and the fact that, — u

in LZ (RY), we see that

[Boclt) = D] = [ (Voo = VCxDltal” i =0,

| o (un) = @' (un)| = sup
peX,|ol=1

That is, the bounded sequenig,} is also a(PS). sequence ob. Let

(Voo — V(x)un¢p dx| — 0.

RN

§ = lim sup |u, |2 dx. (3.6)
n_>ooy€RN B>(y)

If § = 0, similar to 2.25 we have||u,||? — 0. This is a contradiction with RematX 2 (ii).
Therefore§ > 0 and there exists a sequerfog} ¢ RY such that

8
/ lu,|? dx > = > 0. (3.7)
Ba(yn) 2

Letv, = u,(- + yn). Since

lvnll = llunll, Do (Vn) = Poo(Un), ‘I)éo(vn) = Cbéo(un),

we see thatv, } is also a bounde@P S). sequence ob,. As in Step 1 in the proof of Theorem
1.1, using B.7) we see that, — v in X, v # 0 andv is a critical point of®,,. Moreover,
estimating as4.2€) we have

Poo(v) < c.

Now applying Propositio3.1to &, with
g(t) = f(1) = Voo,
we see that there exisgse C([0, 1], X) such thaty(0) = 0, P (y(1)) < 0, v € y([0, 1]) and

max @oo(y (1)) = Poo(v).
t€l0,1]

By the construction oj in the proof of Propositio.1, we also know thad ¢ y((0, 1]). There-
fore according t03.5) we have

D(y(1)) < Poo(y (1)) (3.8)

forall ¢ € (0, 1]. In particular®(y(1)) < P (y(1)) < 0 and hencer € T'. Note that®(0) =
®,,(0) = 0andc > 0, we deduce

¢ < max d(y(r)) < max O (y(t)) = Poo(v) <c. (3.9)
tefo0,1] t€l0,1]

This is a contradiction. Thug # 0 andu is a nontrivial solution of probleml(7). Note that
since{u,}is a(C). sequence ob andu,, — u in X, estimating as in4.2€) we haved(u) < c.
Step 2We show that the problerd.(7) has a ground state. Denoteas in 2.21). As before,

0<m<®u) <c. (3.10)

Now let{u,} be a sequence of nontrivial critical points ®fsuch thatd®(u,) — m. As in the
proof of Theoreni.], {u,} is bounded and > 0, whereé is defined via'8.€). Moreover, up
to a subsequenag, — u in X, andu is a critical point of®, with ®(i) < m. If u = 0, as
in Step 1 the bounded sequeries, } is also a(PS),, sequence ob,. Since§ > 0, a suitable
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translation of{u, }, denoted byv, }, converges weakly to a nonzero critical poindf ®,, with
®oo(v) < m. Similar to B3.9), using Propositio3.1, we can find a patly € I" such that
¢ < max ®(y(1) < max Poo(y(t)) = Poo(v) < m.
tef0,1] t€l0,1]
This is a contradiction with3.10). Thereforeu # 0 is a nontrivial critical point of® with
® (1) = m. The proof is complete. O

Remark3.2 In the proof of Theorerni..2, the strict inequality3.8) is crucial. For its validity,
since we don’t know whether the nontrivial critical poinbf ®,, can vanish on some set with
positive Lebesgue measure, we have to assdme < V,, forall x € RY.

If we are intended to find positive solutions 4f£7), then we are led to the truncated problem
as described in Remaik5 (iii). In this case the nontrivial critical point of the truncatedb,
is positive everywhere, thus we only need to assifte) < V,, for all x € RY, because this
condition is sufficient for3.8) in the casd’/(x) # V., while the casd’(x) = V4, is simpler.

In view of Remark2.4, if we replacef(¢) with b(x) f(¢), whereb € C(RN),

0<bg:= | Ilim b(x) <b(x) <by < +o0 (3.11)
t|—>o0
for all x € RY, the Cerami sequences are still bounded. Working with the limiting functional

1
Doo(u) = —/ (IVu|? + Voolu|?)dx —/ bo F(u)dx,
P JrRN RN

with little changes, we see that The conclusion of Theotefmemains valid.
4, Summary

The purpose of this paper is to investigate the existence of nontrivial solutions for superlin-
ear p-Laplacian equations iRY in the case that the nonlinearity may not satisfy the standard
Ambrosetti-Rabinowitz conditiofAR). Our results are new and improve some recent results in
the literature even for the semilinear case- 2, see the paragraph after Theorrg.

The main ingredient of this work is Lemnfa3 For the semilinear casg = 2 the bound-
edness of Cerami sequences has been provelbjrid], for the modified functional related to
an autonomous problem. To deal with the nonautonomous case considered here, in the proof of
Lemma2.3we have employed the argument betwe2g)(and 2.13).

To conclude this paper, we state some further problems related to this work.

Problem 4.1. In (3.11), if by = 0, then the limiting functional becomes

1
Go) = - [ (VUIP + Viclul)d.
P JrN
This functional does not have nonzero critical points. Therefore the energy comparision method

does not work. Thus it seems interesting to investigate the existence of solutions for this case.

Problem 4.2. For the semilinear case = 2. It is well known that ifV € C(R") is periodic,
then the Schrodinger operatsr: H2(RY) — L?(RY),

Ut —Au+ V(x)u

has purely continuous spectrum which is bounded below and consists of closed disjoint intervals,
see e.g.26, Thm XI11.100]. Under the assumption of Theordni, except that” is now allowed
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to take negative values. (f lies in a spectral gap af, then the corresponding functich is
strongly indefinite and the mountain pass lemma is not applicable. Naturally one may try to
apply thegeneralized linking theorefdi8, Theorem 2.1] to produce a Cerami sequengg for

®. Unfortunately the proof of Lemmia.3is not sufficient to obtain the boundenessoj}: in

the later part we can not dedudét,u, ) — +oco becauseb is strongly indefinite. Therefore, it

is interesting and challenging to prove the existence of nontrivial solutions for this case.
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