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Abstract

We consider p-Laplacian equations on a bounded domain, where the nonlinearity is superlinear but dose
not satisfy the usual Ambrosetti-Rabinowitz condition near infinity, or its dual version near zero. Nontrivial
solutions are obtained by computing the critical groups and Morse theory.
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1. Introduction

Let � be a bounded domain in RN with smooth boundary @�. Consider the Dirichlet problem
for the p-Laplacian equation (p > 1),8<: ��pu D f .x; u/, in �,

u D 0, on @�.
(1.1)

Here ��pu is the p-Laplacian operator: ��pu WD �div.jrujp�2ru/.
Let F.x; t/ D

R t

0
f .x; s/ds, F.x; t/ D f .x; t/t � pF.x; t/. We impose the following condi-

tions on the nonlinearity f .x; u/.
.f?/ f W � � R ! R is a Carathéodory function and there exists some q 2 .p; p�/ such that

for .x; t/ 2 � � R we have

jf .x; t/j � C.1 C jt jq�1/;

where p� D Np=.N � p/ if N > p, and p� D 1 if N � p.
.f1/ f .x; t/t � 0, and f .x; t/ is superliner at infinity, that is, the following limit holds uni-

formly on x 2 �.

lim
jt j!1

f .x; t/

jt jp�2 t
D C1. (1.2)
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.f2/ there exists � � 1 such that �F.x; t/ � F.x; st/ for .x; t/ 2 � � R and s 2 Œ0; 1�.
The condition .f?/ implies that the functional ˆ W W

1;p
0 .�/ ! R,

ˆ.u/ D
1

p

Z
�

jruj
p dx �

Z
�

F.x; u/ dx ,

is well defined and of class C 1. It is well known that the critical points of ˆ are weak solutions
of (1.1). In the last decads, many existence and multiplicity results were obtained by applying
the critical point theory to ˆ.

The condition (1.2) characterizes the problem (1.1) as superlinear at infinity. Such superlinear
elliptic boundary value problem has been studied by many authors, see for instance [1,5,10,15,16].
A common feature of these works is that the following condition, which is originally due to Am-
brosetti and Rabinowitz for the case p D 2 in [1], is imposed on the nonlinearity f .x; t/

.AR/ There exists � > p and R > 0 such that

0 < �F.x; t/ � f .x; t/t , for x 2 � and jt j � R.

The role of .AR/ is to ensure the boundness of the Palais-Smale sequences of the functional ˆ.
This is very crucial in the applications of critical point theory.

However, there are many functions which are superlinear at infinity, but does not satisfy the
condition .AR/ for any � > p. For example, the function

f .x; t/ D jt jp�2 t log.1 C jt j/

does not satisfy .AR/, but it satisfies our conditions .f?/, .f1/ and .f2/, see Remark 1.2 (iii).
Assume that f .x; 0/ D 0, then the zero function u D 0 is a trivial solution of the problem

(1.1). In this paper we shall investigate the existence of nontrivial solutions for the problem (1.1).
For this purpose, some conditions on the nonlinearity near zero are in order.

Let �1 and �2 be the first and the second eigenvalues of ��p on W
1;p

0 .�/. It is well known
that �1 > 0 is a simple eigenvalue, and that �.��p/ \ .�1; �2/ D ¿, where �.��p/ is the
spectrum of ��p , (cf. [2]). Assume
.f0/ There exist � > 0, N� 2 .�1; �2/ such that

�1jt jp � pF.x; t/ � N�jt jp , for x 2 � and jt j � �.

We are now ready to present our first result.

Theorem 1.1. Assume that .f?/, .f0/, .f1/ and .f2/ are satisfied, then the problem (1.1) has a
nontrivial weak solution in W

1;p
0 .�/.

Remark 1.2. (i) For the case p ¤ 2, in the literature, to find nontrivial solutions most
attention is paid to the case that 0 is a local minimizer of ˆ, then the mountain pass theorem
is applied. However, under our assumption .f0/, 0 is not a local minimizer of ˆ. This case
was considered in Liu [10], where a nontrivial solution is obtained under the condition
.f?/, .f0/ and .AR/.

(ii) In the case p D 2, for a semilinear problem setting on RN , the condition .f2/ is originally
due to Jeanjean [8]. Later, it was used by Liu-Li [11] for the general case p > 1. In [11],
infinitely many solutions of (1.1) are obtained, provided that f .x; u/ D �f .x; �u/ and
.f?/, .f1/ and .f2/ are satisfied.

(iii) It turns out that if for fixed x 2 �,
f .x; t/

jt jp�2 t
is increasing in .0; C1/ and decreasing in

.�1; 0/, then .f2/ is satisfied; see [11, Proposition 2.3] for a proof.
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In .f0/ only the first two eigenvalues are involved. As in Perera [15], we may conisder some
situations involving higher eigenvalues. Assuming

.f �
0 / the limit � D lim

jt j!0

f .x; t/

jt jp�2 t
exists uniformly in x 2 �,

we shall prove the following theorem.

Theorem 1.3. Assume that .f?/, .f �
0 /, .f1/ and .f2/ are satisfied. If � … �.��p/, then the

problem (1.1) has a nontrivial weak solution in W
1;p

0 .�/.

Remark 1.4. In [15], Perera obtained a nontrivial solution under the conditions .f?/, .f �
0 / and

.AR/.

In Theorems 1.1 and 1.3, the nonlinearity is superlinear at infinity and asymptotically linear
at zero. It is natural to consider the dual case. In our last result we consider the case that the
nonlinearity is asymptotically linear at infinity and superlinear at zero. We assume the following
conditions on f .x; u/.
.f3/ f W � � R ! R is a Carathéodory function, and

lim
jt j!1

f .x; t/

jt jp�2 t
D �

uniformly in x 2 �, for some � 2 R.
.f4/ the following limit holds uniformly on x 2 �.

lim
jt j!0

F.x; t/

jt jp
D C1. (1.3)

.f5/ pF.x; t/ � f .x; t/t > 0 for all x 2 � and t ¤ 0.
We shall prove the following theorem.

Theorem 1.5. Assume that .f3/, .f4/ and .f5/ are satisfied. If � … �.��p/, then the problem
(1.1) has a nontrivial weak solution in W

1;p
0 .�/.

Example 1.6. Let f .x; t/ D �jt jp�2t C
.2 C sgn.t//jt jp�2t

log.1 C jt j/
. By Proposition 2.10 below, .f3/–

.f5/ are satisfied. Therefore (1.1) has a nontrivial solution, provided � … �.��p/.

Remark 1.7. (i) The condition .f3/ characterizes the problem (1.1) as asymptotically linear
at infinity. In [6], Drábek and Robinson obtained a solution of (1.1) under the well known
Landesman-Lazer condition. Note that they even allow � 2 �.��p/, namely, the prob-
lem is resonant at infinity. However, they have not discussed the existence of nontrivial
solutions.

(ii) Theorem 1.5 improves a recent result of Guo-Liu [7, Theorem 1.2], where a nontrivial
solution was obtained under the assumption .f3/, .f5/ and
.f 0

4/ for some � 2 .1; p/, there are constants r; a > 0 such that

F.x; t/ � a jt j� , for .x; t/ 2 � � .�r; r/. (1.4)

Obviously, .f 0
4/ is stronger than .f4/. For the case p D 2, their result is due to Moroz [14,

Theorem 3]. The reader may also find similar results in [12]. Note that the nonlinearity
given in Example 1.6 does not satisfy the assumptions in [7,12].

(iii) In addition to .f3/, .f4/ and .f5/, if f .x; t/ is odd in t for small jt j, then infinitely
many solutions of the problem (1.1) were obtained by Wang [17, Theorem 2.10].
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We shall prove Theorems 1.1, 1.3 and 1.5 via Morse theory. For a systematic exploration of
this theory and its applications to differential equations, the reader is referred to the books by
Chang [4] and Mawhin-Willem [13]. The paper is organize as follow: as preliminaries, in �2 we
compute the relevant critical groups of the functional ˆ and discuss the compactness issue; in �3
we prove our theorems.

2. Computation of critical groups

Let ˆ be a C 1-functional defined on a Banach space X , then the k-th critical group of ˆ at an
isolated critical point u with ˆ.u/ D c is defined by

Ck.ˆ; u/ WD Hk.ˆc \ U; .ˆc \ U /n fug/, k 2 N D f0; 1; 2; � � � g ,

where U is any neighborhood of u, H� is the singular relative homology with coefficients in an
Abelian group G and ˆc D ˆ�1.�1; c�.

We say that ˆ satisfies the Cerami condition .C /, if any sequence fung � X such that fˆ.un/g

is bounded and .1Ckunk/ kˆ0.un/k ! 0 has a convergent subsequence; such a sequence is then
called a Cerami sequence. If ˆ satisfies the condition .C / and the critical values of ˆ are bonded
from below by some ˛ > �1, then the critical groups of ˆ at infinity were introduced by
Bartsch-Li [3] as

Ck.ˆ; 1/ WD Hk.X; ˆ˛/, k 2 N. (2.1)

Note that by the deformation lemma, the right-hand side of (2.1) does not depend on the choice
of ˛.

The reader is referred to [4,13] for more details on Morse theory. In the proofs of our theorems
we shall use the following result.

Proposition 2.1. Suppose that ˆ 2 C 1.X;R/ satisfies the condition .C / and ˆ has only finitely
many critical points, then

.i/ If for some k 2 N we have Ck.ˆ; 1/ ¤ 0, then ˆ has a critical point u with Ck.ˆ; u/ ¤

0.
.ii/ Let 0 be an isolated critical point of ˆ. If for some k 2 N we have Ck.ˆ; 0/ ¤ Ck.ˆ; 1/,

then ˆ has a nonzero critical point.

In order to apply the Morse theory to ˆ, we must show that ˆ satisfies the condition .C /. We
have the following lemma.

Lemma 2.2. Assume that .f?/, .f1/ and .f2/ are satisfied, then ˆ satisfies the condition .C /.

Proof. This lemma has been proven in our previous paper [11]. Since that paper was written in
Chinese, for the reader’s convenience, we sketch the proof here briefly.

Let fung be a Cerami sequence of ˆ. Since the embedding W
1;p

0 .�/ ,! Lp.�/ is compact,
it suffices to show that fung is bounded.

If fung is unbounded, up to a subsequence we may assume that for some c 2 R,

ˆ.un/ ! c, kunk ! 1,


ˆ0.un/



 kunk ! 0. (2.2)

In particular

lim
n!1

Z
�

�
1

p
f .x; un/un � F.x; un/

�
dx D lim

n!1

�
ˆ.un/ �

1

p

˝
ˆ0.un/; un

˛�
D c. (2.3)



Nontrivial solutions of superlinear p-Laplacian equations 5

Let wn D kunk
�1 un, up to a subsequence we may assume that

wn * w in W
1;p

0 .�/, wn ! w in Lp.�/, wn.x/ ! w.x/ a.e. x 2 �.

If w D 0, as in [8,18], we choose a sequence ftng � R such that

ˆ.tnun/ D max
t2Œ0;1�

ˆ.tun/.

For any m > 0, let vn D .2pm/1=pwn. Since vn ! 0 in Lq.�/ and

jF.x; t/j � C.1 C jt jq/,

by the continuity of the Nemitskii operator, we see that F.�; vn/ ! 0 in L1.�/. Thus

lim
n!1

Z
�

F.x; vn/ dx D 0.

So for n large enough, .2pm/1=pkunk�1 2 .0; 1/, and we deduce

ˆ.tnun/ � ˆ.vn/ D 2m �

Z
�

F.x; vn/ dx � m.

That is, ˆ.tnun/ ! 1. Now ˆ.0/ D 0, ˆ.un/ ! c, we see that tn 2 .0; 1/, andZ
�

jr.tnun/jp dx �

Z
�

f .x; tnun/tnun dx D
˝
ˆ0.tnun/; tnun

˛
D tn

d

dt

ˇ̌̌̌
tDtn

ˆ.tun/ D 0.

Therefore, by our condition .f2/,Z
�

�
1

p
f .x; un/un � F.x; un/

�
dx �

1

�

Z
�

�
1

p
f .x; tnun/tnun � F.x; tnun/

�
dx

D
1

�

�
1

p

Z
�

jr.tnun/jp dx �

Z
�

F.x; tnun/ dx

�
D

1

�
ˆ.tnun/ ! C1,

This contradicts with (2.3).
If w ¤ 0, from the third limit in (2.2) we obtain

kunk
p

�

Z
�

f .x; un/un dx D
˝
ˆ0.un/; un

˛
D o.1/.

Since f .x; u/u � 0, we deduce

1 � o.1/ D

Z
�

f .x; un/un

kunk
p dx D

�Z
w¤0

C

Z
wD0

�
f .x; un/un

junj
p jwnj

p dx

�

Z
w¤0

f .x; un/un

junj
p jwnj

p dx. (2.4)

For x 2 ‚ WD fx 2 � W w.x/ ¤ 0g, we have jun.x/j ! C1. By (1.2) we obtain

f .x; un.x//un.x/

jun.x/jp
jwn.x/jp ! C1.
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Note that the Lebesgue measure of ‚ is positive, using the Fatou Lemma we deduceZ
w¤0

f .x; un/un

junj
p jwnj

p dx ! C1.

This contradicts with (2.4).
Therefore, fung is a bounded sequence in W

1;p
0 .�/.

Remark 2.3. The argument that we employed to exclude the case w D 0, is due to Jeanjean [8]
and Zou [18]. They used this technique to show that for every potential critical value c, there
exists a bounded .PS/c sequence. While Lemma 2.2 indicates that, although there may exist
unbounded .PS/ sequence, all Cerami sequences are bounded.

For the proofs of our theorems, in what follows we may assume that ˆ has only finitely many
critical points. Since ˆ satisfies the condition .C /, the critical groups C�.ˆ; 1/ of ˆ at infinity
make sense. To simplify the notations we denote X D W

1;p
0 .�/.

Lemma 2.4. Assume that .f?/, .f1/ and .f2/ are satisfied, then Ck.ˆ; 1/ Š 0 for all k 2 N.

Proof. Let S D fu 2 X W kuk D 1g. By (1.2) it is easy to see that for any u 2 S , we have

ˆ.tu/ ! �1, as t ! C1.

Choose

a < min

�
inf

kuk�1
ˆ.u/; 0

�
.

Then for any u 2 S , there exists t0 > 1 such that ˆ.t0u/ � a. By .f2/, we have

F.x; z/ � 0, for .x; z/ 2 � � R. (2.5)

Therefore, if

ˆ.tu/ D
tp

p
�

Z
�

F.x; tu/ dx � a,

using (2.5) we obtain

d

dt
ˆ.tu/ D tp�1

�

Z
�

uf .x; tu/ dx

�
1

t

�
pa C

Z
�

pF.x; tu/dx �

Z
�

tuf .x; tu/dx

�
D

1

t

�
pa �

Z
�

F.x; tu/ dx

�
�

1

t
pa < 0.

Therefore, by the Implicit Function Theorem, there exists a unique T 2 C.S;R/ such that
ˆ.T .u/u/ D a.

Using the function T , we can follow the argument in [10, Page 4] to construct a strong defor-
mation retract from Xnf0g to ˆa, and deduce

Ck.ˆ; 1/ D Hk.X; ˆa/ Š Hk.X; Xnf0g/ D 0.

Remark 2.5. Result similar to Lemma 2.4 has been obtained (for p D 2) by Wang [16], under
the condition .f?/ and .AR/. This result was then generalized to general p > 1 by Liu [10].

Lemma 2.6. Assume that .f?/, .f4/ and .f5/ are satisfied, then Ck.ˆ; 0/ Š 0 for all k 2 N.
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Proof. For u 2 Xnf0g, we have

lim
jsj!0

ˆ.su/

jsj
p D �1. (2.6)

In fact, for any fsng � R with sn ! 0, let vn D snu. Then

vn ! 0 in W
1;p

0 .�/, vn.x/ ! 0 a.e. x 2 �.

From (1.3), by the Fatou Lemma we have

lim inf
n!1

Z
�

F.x; vn/

jvnj
p juj

p dx �

Z
�

lim inf
n!1

F.x; vn/

jvnj
p juj

p dx D C1.

Thus
ˆ.snu/

jsnj
p D

1

p

Z
�

jruj
p dx �

Z
�

F.x; snu/

jsnj
p dx

D
1

p

Z
�

jruj
p dx �

Z
�

F.x; vn/

jvnj
p juj

p dx ! �1,

and (2.6) follows.
Using (2.6), we see that for any u 2 Xnf0g, there exists s0 2 .0; 1/ such that

ˆ.su/ < 0, for s 2 .0; s0/. (2.7)

Assume that ˆ.u/ � 0, that isZ
�

jruj
p dx � p

Z
�

F.x; u/ dx.

Then according to .f5/, for u 2 ˆ�1Œ0; C1/nf0g we obtain

d

ds

ˇ̌̌̌
sD1

ˆ.su/ D
d

ds

ˇ̌̌̌
sD1

�
sp

p

Z
�

jruj
p dx �

Z
�

F.x; su/ dx

�
D

Z
�

jruj
p dx �

Z
�

f .x; u/udx

�

Z
�

.pF.x; u/ � f .x; u/u/dx > 0. (2.8)

Now we adjust the argument in the proof of [9, Proposition 2.1] slightly. From (2.7) and (2.8),
we see that for any u 2 ˆ�1Œ0; C1/nf0g, there exists a unique T D T .u/ > 0 such that
ˆ.T u/ D 0. Moreover, since ˆ.T u/ D 0, from (2.8) we deduce

d

dt

ˇ̌̌̌
tDT

ˆ.tu/ D
1

T

d

ds

ˇ̌̌̌
sD1

ˆ.sT u/ > 0.

Thus, by the Implicit Function Theorem we see that T is continuous on ˆ�1Œ0; C1/nf0g. If
ˆ.u/ � 0, we set T .u/ D 1. Then T W X ! R is continuous.

We now define � W Œ0; 1� � X ! X by

�.s; u/ D .1 � s/u C sT .u/u, .s; u/ 2 Œ0; 1� � X .

It is easy to see that � is a continuous deformation from .X; Xnf0g/ to .ˆ0; ˆ0nf0g/, hence

Ck.ˆ; 0/ D Hk.ˆ0; ˆ0nf0g/ Š Hk.X; Xnf0g/ D 0, k 2 N.

Remark 2.7. (i) For related results, see [7,9,12,14]. Note that the assumptions in all these
papers imply (1.4). Our Lemma 2.6 improves [7, Theorem 2.1] and [14, Theorem 1].
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(ii) To obtain the local result described in Lemma 2.6, we have to assume the global condi-
tion .f5/. This unpleasant phenomenon has appeared in [14, Theorem 1], and has been
discussed by Moroz [14, Remark 1.3]. As in [14], if N D 1 and � is an open interval in
R, since there is a continuous embedding

W
1;p

0 .�/ ,! L1.�/, (2.9)

we can also replace .f5/ with a local condition .f 0
5/, see the following Corollary 2.8.

Corollary 2.8. Let N D 1 and � be an open interval in R. Assume that .f?/, .f4/ and
.f 0

5/ there exists � > 0 such that pF.x; t/ � f .x; t/t > 0 for x 2 � and 0 < jt j < �,
are satisfied, then Ck.ˆ; 0/ D 0 for all k 2 N.

Proof. Thanks to the embedding (2.9), using .f 0
5/ we can choose some ı > 0 such that (2.8) is

still valid provided ˆ.u/ � 0 and 0 < kuk � ı. Then the argument in the proof of [9, Proposition
2.1] yields the desired result.

Remark 2.9. This corollary improves Moroz [14, Theorem 4]. In the case N D 1, Corollary 2.8
also improves the result obtained by Jiu-Su [9, Proposition 2.1], where they assumed
.f 1

0 / there exist � > 0 and � 2 .0; p/ such that

�F.x; t/ � f .x; t/t > 0, for x 2 � and 0 < jt j < �.

This condition may be viewed as a dual version of .AR/. Obviously, .f 1
0 / is stronger than .f4/

and .f 0
5/.

To conclude this section, we prove the following proposition.

Proposition 2.10. If for fixed x 2 �,
f .x; t/

jt jp�2 t
is strictly decreasing in .0; C1/ and strictly

increasing in .�1; 0/, then .f5/ is satisfied.

Proof. We consider the case t > 0. For s 2 .0; t/ we have

f .x; s/ >
f .x; t/

jt jp�2 t
jsj

p�2 s.

Integrating this inequality over .0; t/, we deduce

F.x; t/ D

Z t

0

f .x; s/ ds >
f .x; t/

jt jp�2 t

Z s

0

jsj
p�2 s ds D

1

p
f .x; t/t .

The case that t < 0 is similar.

3. The proofs of the theorems

In this section we prove our theorems.

Proof of Theorem 1.1. Since f .x; 0/ D 0, the zero function 0 is a trivial critical point of ˆ.
By [10, Lemma 2.3], the condition .f0/ implies that C1.ˆ; 0/ ¤ 0. While according to Lemma
2.4, C1.ˆ; 1/ D 0. Now the desired result follows from Proposition 2.1.

To prove Theorem 1.3, we need the following results of Perera [15]. Let

I� D
1

p

Z
�

.jruj
p

� � juj
p/ dx, u 2 X D W

1;p
0 .�/.
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Proposition 3.1 ([15, Lemma 4.1]). Assume that .f?/ and .f �
0 / hold, then there are � > 0 and

Q̂ 2 C 1.X;R/ such that

Q̂ .u/ D

8<: I�.u/, kuk � �,

ˆ.u/, kuk � 2�;

and 0 is the only critical point of ˆ and Q̂ with kuk � 2�.

Remark 3.2. Checking the proof of [15, Lemma 4.1] carefully, we find that

" WD inf
��kuk�2�

k Q̂ 0.u/k > 0.

Therefore, it is easy to see that if ˆ satisfies the condition .C /, so does Q̂ .

Now we are ready to give the proof of Theorem 1.3.

Proof of Theorem 1.3. Since � … �.��p/, we may assume that for some ` 2 N,

� 2 .�`; �`C1/n�.��p/;

where �0 D �1 and f�`g
1
`D1 is a sequence of eigenvalues recently constructed by Perera [15].

By [15, Proposition 1.1] we see that

C`.I�; 0/ ¤ 0.

Take Q̂ as described in Proposition 3.1. We first note that by Remark 3.2, Q̂ satisfies the condition
.C /. Since I� D Q̂ in a neighborhood of 0, we have

C`. Q̂ ; 0/ D C`.I�; 0/ ¤ 0. (3.1)

On the other hand, since Q̂ D ˆ outside a big ball B , if we choose

˛ < min

�
inf
B

Q̂ ; inf
B

ˆ

�
in the definition of critical groups at infinity (2.1), we see that

C`. Q̂ ; 1/ D C`.ˆ; 1/ D 0, (3.2)

according to Lemma 2.4. Comparing (3.1) and (3.2), by Proposition 2.1, we deduce that Q̂ has a
nonzero critical point u. By Proposition 3.1, u is also a nonzero critical point of ˆ.

Proof of Theorem 1.5. The proof is ‘dual’ to the proof of Theorem 1.3. Since we have ob-
tained Ck.ˆ; 0/ D 0 for all k 2 N in Lemma 2.6, we may process as in the proof of [12,
Theorem 1.2]. We omit the details.

Using Corollary 2.8, for the case N D 1 and � is an open interval in R, in Theorem 1.5 we
may replace the global assumption .f5/ with the local one .f 0

5/.
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