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Using the three critical points theorem, Clark’s theorem and the Morse theory, multiple
periodic solutions for non-linear difference systems involving the p-Laplacian are
obtained by variational methods.
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1. Introduction

Let m . 1 be a fixed integer, we consider the existence of multiple m-periodic solutions

for non-linear difference systems of the form

DðjDxn21j
p22

Dxn21Þ þ f ðn; xnþ1; xn; xn21Þ ¼ 0; xnþm ¼ xn; n [ Z; ð1:1Þ

where p . 1, D is the forward difference operator defined by Dxn ¼ xnþ1 2 xn, f :

Z £ R3N ! RN is continuous and there exists Fð·; ·; ·Þ [ C 1ðZ £ R2N ;RÞ such that

f ðn; u; v;wÞ ¼ F0
2ðn2 1; v;wÞ þ F0

3ðn; u; vÞ;

Q1

here F0
i denotes the partial derivative of F with respect to the ith variable. When p ¼ 2 and

Fðt; u; vÞ is independent of u, that is Fðt; u; vÞ ¼ Gðt; vÞ, for some G [ C 1ðZ £ RN ;RÞ, we

have F0
2 ¼ ›uF ¼ 0. Hence,

f ðn; xnþ1; xn; xn21Þ ¼ F0
3ðn; xnþ1; xnÞ ¼ ›vGðn; xnÞ V G0ðn; xnÞ:

We see that the system in (1.1) reduces to the second-order discrete Hamiltonian

system

D2xn21 þ G0ðn; xnÞ ¼ 0;

which has been discussed in [2,13].
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We may consider the problem (1.1) as a discrete analogue of the following non-linear

functional differential equation involving the p-Laplacian:

ðjx0j
p22

x0Þ0 þ f ðt; xðt þ 1Þ; xðtÞ; xðt2 1ÞÞ ¼ 0; t [ R:

This kind of equation arises in the study of the existence of solitary waves of lattice

differential equations, see [12] and the references therein.

To state our main results, we denote by c the real number such that

c21 ¼ min
x;y.0; xþy¼1

ðxp þ ypÞ . 0: ð1:2Þ

We assume that the function F satisfies the following conditions:

ðF* Þ F [ C 1ðZ £ R2N ;RÞ; Fðn; 0; 0Þ ¼ 0; and

Fðn; u; vÞ ¼ Fðnþ m; u; vÞ; for all ðn; u; vÞ [ Z £ RN £ RN ;

(F0) there exists some h . 0 such that Fðn; u; vÞ $ 0 for juj þ jvj # 2h, and

lim
jujþjvj!0

Fðn; u; vÞ

juj
p
þ jvj

p ¼ 0; uniformly in n [ Z; ð1:3Þ

(F1) there exist a1 . p21c and a2 . 0 such that

Fðn; u; vÞ $ a1ðjuj
p
þ jvj

p
Þ2 a2; for all ðn; u; vÞ [ Z £ RN £ RN : ð1:4Þ

It follows from (1.3) that f ðn; 0; 0; 0Þ ¼ 0; therefore, xn ¼ 0 is a trivial m-periodic

solution of the problem (1.1). Therefore, we want to find non-trivial solutions. The main

result of this paper is the following theorems.

Theorem 1.1. Suppose that (F*), (F0) and (F1) hold, then the problem (1.1) has at least

two non-trivial m-periodic solutions.

In a recent paper (Chen and Fang [5]), the scalar case N ¼ 1 has been considered by

variational methods. Under (F*), (1.3) and some conditions slightly stronger than (F1), as

well as Fðn; u; vÞ $ 0 for all ðn; u; vÞ [ Z £ R £ R, they obtained two non-zero periodic

solutions by the linking theorem [11] (Theorem 5.3). In that paper, Fðn; u; vÞ $ 0 is a

global requirement, which is crucial for applying the linking theorem.

The novelty of our Theorem 1.1 is that, we only require Fðn; u; vÞ $ 0 for small juj

and jvj. In this case, the linking theorem is no longer applicable. Our proof of Theorem 1.1

is also based on variational methods. However, instead of the linking theorem, we will use

the three critical points theorem of Brezis and Nirenberg [3] and Liu and Li [9]. It turns out

that this approach is considerably simpler.

We may also consider the case that Fðn; u; vÞ # 0 for small juj and jvj. In this situation,

we have the following result, which is obtained by the Morse theory.

Theorem 1.2. Suppose that (F*), (F1) hold. If there exists h . 0 such that Fðn; u; vÞ # 0

for juj þ jvj # 2h, then the problem (1.1) has at least two non-trivial m-periodic solutions.

It turns out again that xn ¼ 0 is a trivial m-periodic solution of the problem (1.1). We

emphasize that, in Theorem 1.2 we do not require the limit condition (1.3). In our next
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result, we consider the case that Fðn; u; vÞ is even in (u,v), then we can obtain more

solutions.

Theorem 1.3. Suppose that Fðn; u; vÞ ¼ Fðn;2u;2vÞ for all ðn; u; vÞ [ Z £ RN £ RN. If F

satisfies (F*), (F0) and (F1), then the problem (1.1) has at least ðm2 1ÞN pairs of non-

trivial m-periodic solutions.

This symmetric case has not been considered in [5]. The proof of this theorem is based

on variational methods and Clark’s theorem [6].

The variational methods and critical point theory have been extensively applied to

differential equations, see Rabinowitz [11] and Mawhin–Willem [10] for an excellent

survey. Since the appearance of [7], in recent years, this approach has also been used to

study difference equations by many authors, see for example [2,5,8,13].

2. Variational framework

Following [2], for our fixed integer m . 1, we define the linear operations on

Em ¼ {x ¼ {xn}n[Z : xn [ RN ; xnþm ¼ xn; n [ Z};

in an obvious way, and then define the inner product k·; ·l and norm k·k on Em as follows:

kx; yl ¼
Xm
n¼1

ðxn; ynÞ; kxk ¼
Xm
n¼1

jxnj
2

 !1=2

; x; y [ Em;

where ð·; ·Þ and j·j are the usual inner product and norm on RN . Then, Em is a mN

dimensional Hilbert space.

We consider the linear operator A : Em ! Em defined by

kAx; yl ¼
Xm
n¼1

ðDxn;DynÞ; x; y [ Em:

Then, A is semi-positive definite. The kernel space of A is

W ¼ {x ¼ {xn}n[Z : xn ¼ v [ RN};

which is isomorphic to RN. Let Y ¼ W ’, then Em ¼ Y %W , dim Y ¼ ðm2 1ÞN and A is

positive definite on Y. It has been computed in [13] (Page 1017) that the smallest positive

eigenvalue of A is

lmin ¼ 2 1 2 cos
2p

m

� �
:

Hence, for x [ Y , we have

Xm
n¼1

jDxnj
2
¼ kAx; xl $ lminkxk

2
: ð2:1Þ
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We define a functional F : Em ! R,

FðxÞ ¼
Xm
n¼1

1

p
jDxnj

p
2 Fðn; xnþ1; xnÞ

� �
:

By a direct computation, we see that the critical points of F are exactly the m-periodic

solutions of (1.1), see [5] for the scalar case N ¼ 1. Therefore to prove our theorems, it

suffices to find critical points of F. To this purpose, we need the following three critical

points theorem and Clark’s theorem.

Proposition 2.1. ([3,9]). Let E be a Banach space, F [ C 1ðE;RÞ satisfies the Palais–

Smale (PS) condition and is bounded from below. Suppose F has a local linking at the

origin 0, namely, there are a decomposition E ¼ Y %W and a positive real number r . 0

such that k ¼ dim Y , 1,

FðxÞ , Fð0Þ for x [ Y ; 0 , kxk # r; FðxÞ $ Fð0Þ

for x [ W ; kxk # r; ð2:2Þ

then F has at least three critical points.

Recall that F satisfies the (PS) condition, if any sequence {x ðiÞ} such that {Fðx ðiÞÞ} is

bounded and F0ðx ðiÞÞ! 0, has a convergent subsequence.

Proposition 2.2. ([6,11] (Theorem 9.1)). Let E be a Banach space andF [ C 1ðE;RÞ be
an even functional satisfying the (PS) condition and Fð0Þ ¼ 0. Assume that F is bounded

from below and there are r . 0 and a k-dimensional linear subspace Y of E such that

sup
x[Y ; kxk¼r

FðxÞ , 0;

then F possesses at least k pairs of critical points.

Note that these critical points are non-zero, because the values of F over these points

are negative, see the proof of [11, Theorem 9.1] for details.

Now, we recall some concept from the Morse theory, the reader is referred to [4,10] for

more details. Let F be a C 1-functional defined on a Banach space E, then the qth critical

group of F at an isolated critical point x with FðxÞ ¼ c is defined by

CqðF; xÞ ¼ HqðFc;Fcn{x}Þ; q [ N U {0; 1; 2; . . . };

where H* is the singular relative homology with coefficients in an Abelian group G and

Fc ¼ F21ð21; c�. In the next section, we will use critical groups to distinguish critical

points.

Example 2.3. Let F [ C 1ðRn;RÞ, if x is a local minimizer of F, then

CqðF; xÞ ø dq;0G U
G; q ¼ 0;

0; q – 0:

(
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If x is a local maximizer of F, then CqðF; xÞ ø dq;nG. These results can be easily

obtained from the definition of critical groups and homology theory.

Example 2.4. Assume that F [ C 1ðE;RÞ satisfies the (PS) condition, F has only finitely

many critical points. If there exist r . 0 and e [ E such that kek . r and

inf
kyk¼r

FðyÞ . max{Fð0Þ;FðeÞ};

then F has a critical point x such that C1ðF; xÞ – 0. In this setting, the existence of critical

point is the well-known mountain pass lemma [1]. For the information about the critical

groups, see [4,10].

3. Proof of the theorems

As the first step, we show that F is anti-coercive.

Lemma 3.1. If (F1) holds, then FðxÞ!21 as kxk!1.

Proof. By the definition of c in (1.2), we see that for a; b . 0, we have

ap þ bp

ðaþ bÞp
¼

a

aþ b

� �p

þ
b

aþ b

� �p

$ c21; that is ðaþ bÞp # cðap þ bpÞ:

Noting that xnþm ¼ xn for all n [ Z, hence

Xm
n¼1

jxnþ1j
p
¼
Xm
n¼1

jxnj
p
:

By (F1), we obtain

FðxÞ ¼
Xm
n¼1

1

p
jxnþ1 2 xnj

p
2 Fðn; xnþ1; xnÞ

� �

#
1

p

Xm
n¼1

ðjxnþ1j þ jxnjÞ
p 2

Xm
n¼1

Fðn; xnþ1; xnÞ

#
c

p

Xm
n¼1

ðjxnþ1j
p
þ jxnj

p
Þ2

Xm
n¼1

ða1ðjxnþ1j
p
þ jxnj

p
Þ2 a2Þ

¼
2c

p

Xm
n¼1

jxnj
p
2 2a1

Xm
n¼1

jxnj
p
þ ma2 !21;

as kxk!1, because a1 . p21c. A
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Before giving the proof of our theorems, for any p . 1, we consider the p-norm j·jp on

Rm, namely, for v ¼ ðv1; . . . ; vmÞ [ Rm, we set

jvjp ¼
Xm
n¼1

jvnj
p

 !1=p

:

Since dimRm , 1, the two norms j·j2 and j·jp are equivalent. Let c1 . 0 and c2 . 0

be the optimal constants such that

c1jvj2 # jvjp # c2jvj2; v [ Rm: ð3:1Þ

Proof. [Proof of Theorem 1.1] Choose a positive number

1 ,
c
p
1

2pc
p
2

l
p=2
min:

By (F0), there exists r [ ð0;hÞ such that

Fðn; u; vÞ # 1ðjuj
p
þ jvj

p
Þ; for juj þ jvj # 2r: ð3:2Þ

Now, if x ¼ {xn} [ Y , 0 , kxk # r, then jxnj # r for all n [ Z. Using (3.1) with

v ¼ ðjDx1j; . . . ; jDxmjÞ;

and (2.1), as well as (3.2), we obtain

FðxÞ ¼
Xm
n¼1

1

p
jDxnj

p
2 Fðn; xnþ1; xnÞ

� �

$
1

p

Xm
n¼1

jDxnj
p

 !1=p
2
4

3
5
p

21
Xm
n¼1

ðjxnþ1j
p
þ jxnj

p
Þ

$
1

p
c
p
1

Xm
n¼1

jDxnj
2

 !p=2

221
Xm
n¼1

jxnj
p

$
c
p
1

p
l
p=2
minkxk

p
2 21c

p
2kxk

p
¼

c
p
1

p
l
p=2
min 2 21c

p
2

� �
kxk

p
. 0:

ð3:3Þ

On the other hand, if x [ W , kxk # r, then for all n [ Z, we have

jxnþ1j þ jxnj , 2h;

and Dxn ¼ 0. Thus, by our assumption (F0), we obtain

FðxÞ ¼ 2
Xm
n¼1

Fðn; xnþ1; xnÞ # 0: ð3:4Þ

Since Fðn; 0; 0Þ ¼ 0, so Fð0Þ ¼ 0. It follows from (3.3) and (3.4) that 2F has a local

linking at the origin 0 with respect to the decomposition Em ¼ Y %W .
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Since dimEm , 1, by Lemma 3.1, it is easy to see that 2F is bounded from below

and satisfies the (PS) condition. Applying Proposition 2.1, 2F has at least three critical

points. Therefore, F has two non-zero critical points, which are non-trivial m-periodic

solutions to our problem (1.1). A

Remark 1. In [5], after obtaining an estimate similar to (3.3), in order to apply the linking

theorem, some tedious estimates are involved, and the global condition Fðn; u; vÞ $ 0 for

all ðn; u; vÞ is needed for verifying that FðxÞ # 0 for all x [ ›Q; here Q is defined in [5]

(equation (3.20)). Our argument above does not need this global condition, and simplifies

the proof considerably.

Proof. [Proof of Theorem 1.2]. By Lemma 3.1 and the fact that dimEm , 1, we see that F

satisfies (PS) and there exists x 1 [ Em such that

Fðx1Þ ¼ max
x[Em

FðxÞ:

For x [ Em with kxk # h, we have jxnþ1j þ jxnj # 2h. Therefore, by our assumptions,

we obtain

FðxÞ $ 2
Xm
n¼1

Fðn; xnþ1; xnÞ $ 0 ¼ Fð0Þ:

So, 0 is a local minimizer of F. If either 0 or x1 is not a isolated critical point of F, then

F has infinitely many critical points, which are all m-periodic solutions of (1.1).

Therefore, we may assume that both 0 and x 1 are isolated critical points of F. Now, by

Example 2.3, we obtain

CqðF; 0Þ ø dq;0G; CqðF; x1Þ ø dq;mNG: ð3:5Þ

By Lemma 3.1, we see that FðxÞ!21 as kxk!1. Note that 0 is an isolated local

minimizer of F, it is then easy to see that there exist r . 0 and e [ E such that

inf
kyk¼r

FðyÞ . max{Fð0Þ;FðeÞ}:

By Example 2.4, F has a critical point x 2 such that C1ðF; x 2Þ – 0. Compare this with

(3.5), we see that x1 and x 2 are non-zero critical points of F. Hence, they are non-trivial

m-periodic solutions of the problem (1.1). A

Proof. [Proof of Theorem 1.3]. If Fðn; u; vÞ ¼ Fðn;2u;2vÞ for all ðn; u; vÞ, then F is an

even functional. We know that Fð0Þ ¼ 0, 2F is bounded from below and satisfies the

(PS) condition. Using (3.3), we see that

sup
x[Y ; kxk¼r

ð2FÞðxÞ # 21c
p
2 2

c
p
1

p
l
p=2
min

� �
rp , 0:

Since dim Y ¼ ðm2 1ÞN, the desired result follows from Proposition 2.2. A
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Remark 2. By our argument above, in our Theorems 1.1 and 1.3, we may replace the limit

(1.3) with the weaker condition (3.2).

AcknowledgementsQ1

The author is very grateful to the anonymous referee for the careful reading of the manuscript and for
pointing out some errors in the original manuscript. This work was supported by the National Natural
Science Foundation of China (10601041).

References

[1] A. Ambrosetti and P. Rabinowitz, Dual variational methods in critical point theory and
applications, J. Funct. Anal. 14 (1973), pp. 349–381.

[2] H.H. Bin, J.S. Yu, and Z.M. Guo, Nontrivial periodic solutions for asymptotically linear
resonant difference proble, J. Math. Anal. Appl. 322 (2006), pp. 477–488.

[3] H. Brezis and L. Nirenberg, Remarks on finding critical points, Comm. Pure Appl. Math. 44
(1991), pp. 939–963.

[4] K.C. Chang, Infinite Dimensional Morse Theory and Multiple Solution Problem, Birkhäuser,
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