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Abstract

Nontrivial solutions for elliptic resonant problems are obtained via Morse theory. To compute the critical
groups at infinity of the relevant functional, we propose a new approach by combining the homotopy,
reduction methods and the Alexander Duality Theorem.
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1. Introduction

Let � be a bounded domain in RN with smooth boundary @�. We consider the following
semilinear elliptic boundary value problem8<: ��u D p.x; u/, in �,

u D 0, on @�,
(1.1)

where p W � � R ! R is a Carathéodory function which satisfies

jp.x; t1/ � p.x; t2/j � ƒ jt1 � t2j (1.2)

for some ƒ > 0. Assume that p.x; 0/ D 0, then (1.1) admits a trivial solution u D 0. Therefore
we are concerned on the existence of nontrivial solutions.

Let �1 < �2 � � � � � �m < �mC1 � � � � denote the eigenvalues of .��;H 1
0 .�//, we consider

the following conditions of p:

.p0/ there exists � > 0 such that for jt j � �

1

2
�mt

2
� P.x; t/ �

1

2
�mC1t

2, where P.x; t/ D

Z t

0

p.x; s/ ds,

.p�/ there exist ";R > 0 such that for jt j � R

�`�1 C " �
p.x; t/

t
� �`, lim

jt j!1

1

jt j

�
P.x; t/ �

�`

2
t2

�
D �1. (1.3)
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.pC/ there exist ";R > 0 such that for jt j � R

�` �
p.x; t/

t
� �`C1 � ", lim

jt j!1

1

jt j

�
P.x; t/ �

�`

2
t2

�
D C1, (1.4)

Note that the inequalities in .p˙/ characterize (1.1) as resonant from one side at the eigenvalue
�`. In particular, when the limit

lim
jt j!1

p.x; t/

t
D �` (1.5)

exists, we say that the problem (1.1) is resonant at infinity. Such resonant problems have been
extensively studied by many authors with various conditions imposed on the nonlinearity, see
[2, 4, 9, 11, 16, 18]. Typically, many results in the literature assume that the nonlinearity p.x; t/�
�`t is bounded or grows slower than jt j˛ for some ˛ 2 .0; 1/. For example, the authors of [9]
considered the case that p satiefies

jp.x; t/ � �`t j � c
�
1C jt j˛

�
, lim

jt j!1

1

jt j2˛

�
P.x; t/ �

�`

2
t2

�
D ˙1 (1.6)

for some ˛ 2 Œ0; 1/, and obtained one nontrivial solution of (1.1). Note that if ˛ D 0, then (1.6)
is the standard Landesman–Lazer condition and has been considered in [4, 8].

In this paper, we study the case that p.x; t/��`t may not be bounded, not even grows slower
than jt j˛ for some ˛ 2 .0; 1/. We shall prove the following theorem.

Theorem 1.1. Let p be a Carathéodory function on��R that satisfies (1.2). Then the problem
(1.1) has at least a nontrivial solution in one of the following cases:

.i/ p satisfies .p0/ and .p�/ with m ¤ ` � 1.
.ii/ p satisfies .p0/ and .pC/ with m ¤ `.

Let X D H 1
0 .�/ be the Sobolev space with inner product

hu; vi D

Z
�

rurv dx

and corresponding norm kuk D hu; ui
1=2, we shall prove Theorem 1.1 by showing that, the

functional f W X ! R,

f .u/ D
1

2

Z
�

jruj
2 dx �

Z
�

P.x; u/dx

possess nonzero critical points. To do that, we shall apply the Morse theory (see the monographs
[4, 15] for a systematic exploration). More precisely, we will obtain nonzero critical points of f
by comparing the critical groups C�.f; 0/ of f at zero and C�.f;1/ at infinity (see Proposition
2.1 below). Therefore, the computation of critical groups is essential. The following theorem
is devoted to this issue. Since its proof (in particular, Case (ii)) illustrates a new approach to
compute C�.f;1/, we recognize it as another main result of this paper.

Theorem 1.2. Let p be a Carathéodory function on � � R that satisfies (1.2).

.i/ If p satisfies .p�/, then the functional f satisfies the Palais-Smale .PS/ condition, and
Ck.f;1/ Š ık;`�1G .

.ii/ If p satisfies .pC/, then the functional f satisfies the Palais-Smale .PS/ condition, and
Ck.f;1/ Š ık;`G .
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Remark 1.3. This Theorem improves Li-Perera-Su [10, Proposition 1.3]: in Case (i), instead of
(1.3) they assumed the stronger condition: for jt j � R,

�`�1 C " �
p.x; t/

t
� �`, P.x; t/ �

�` � "

2
t2,

which can not be satisfied if (1.5) holds; in Case (ii), instead of (1.4) they assumed the stronger
condition: for jt j � R

�` �
p.x; t/

t
� �`C1 � ", P.x; t/ �

�` C "

2
t2,

which can not be satisfied if (1.5) holds, moreover, they only obtained C`.f;1/ ¤ 0.

We will prove Theorem 1.2 in the next section. Our proof is based on the Homotopy Invariant
Theorem for C�.f;1/ established in [10]. However, this method can not be used directly in
Case (ii) of Theorem 1.2. Therefore, we use the reduction method of [14] and then, apply the
Alexander Duality Theorem. Obviously, our method can also be used in other situation.

In Section 3, we apply Theorem 1.2 and Morse theory to the functional f and give the proof
of Theorem 1.1. Other multiplicity results for boundary value problems are also given in the
section.

2. Computation of C�.f; 1/

Let f be a C 1-functional defined on a Hilbert space X , then the critical groups of f at an
isolated critical point u with f .u/ D c are defined by

Ck.f; u/ WD Hk.f
c ; f c

n fug/, k 2 N D f0; 1; 2; � � � g ,

where H� is the singular relative homology with coefficients in an Abelian group G and f c D

f �1.�1; c�. If f satisfies the .PS/ condition and the critical values of f are bonded from
below by some ˛ > �1, then the critical groups of f at infinity were introduced by Bartsch-Li
[2] as

Ck.f;1/ WD Hk.X; f
˛/, k 2 N. (2.1)

Note that by the deformation lemma, the right-hand side of (2.1) does not depend on the choice
of ˛.

Using these concepts, we have the following famous Morse inequality
1X

kD0

Mkt
k

D

1X
kD0

ˇkt
k

C .1C t/Q.t/, (2.2)

where Q is a formal series with coefficients in N,

Mk D
X

f 0.u/D0
rankCk.f; u/, ˇk D rankCk.f;1/.

The critical groups and Morse inequality are very useful in studying the existence and multi-
plicity of critical points: we can distinguish critical points using critical groups and discover
unknown critical points using the Morse inequality.

The reader is referred to [4, 15] for more details on Morse theory. Here we state a corollary of
the Morse inequality (2.2), which is sufficient for proving Theorem 1.1.

Proposition 2.1. Suppose that f 2 C 1.X;R/ satisfies the .PS/ condition and f has only
finitely many critical points, then the following statements hold.
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.i/ If for some k 2 N we have Ck.f;1/ ¤ 0, then f has a critical point u with Ck.f; u/ ¤ 0.
.ii/ Let 0 be an isolated critical point of f . If for some k 2 N we have Ck.f; 0/ ¤ Ck.f;1/,

then f has a nonzero critical point.

The rest of this section is devoted to the proof of Theorem 1.2. For this purpose, we recall the
following Homotopy Invariant Theorem for critical groups at infinity.

Proposition 2.2 ([10, Theorem 3.1]). Let fft W t 2 Œ0; 1�g be a family of C 1-functionals defined
on a Hilbert space X , which satisfies the .PS/ condition, such that f 0

t and @tft are locally
Lipschitz continuous. If there exist a 2 R and ı > 0 such that

ft .u/ � a H)


f 0

t .u/


 � ı 8t 2 Œ0; 1� , (2.3)

then f a
0 is homeomorphic to f a

1 . In particular, for all k 2 N we have Ck.f0;1/ Š Ck.f1;1/.

Now we are ready to prove Theorem 1.2. In what follows the letters C and C1; C2; � � � will be
used to denote positive constants which are different from line to line.

2.1. Proof of Theorem 1.2 (i)

Let A` W X ! X be such that

hA`.u/; vi D

Z
�

.rurv � �`uv/ dx, u; v 2 X . (2.4)

Then A` is a self-adjoint bounded linear operator on X . Let X0 D ker.A`/, X� and XC be the
negative and positive spaces of A` respectively, then X D XC ˚X0 ˚X�.

For u 2 X we always write u D uC C u0 C u� and bu D uC C u0 � u�. It is well known that
for u˙ 2 X˙, Z

�

� ˇ̌
ruC

ˇ̌2
� �`.u

C/2
�
dx � �



uC


2

,

�

Z
�

�
jru�

j
2

� �`.u
�/2

�
dx � .�` � �`�1/

Z
�

.u�/2 dx,

9>>=>>; (2.5)

where � is a positive number. Let

ft .u/ D .1 � t /f .u/C t
� 

uC



2
C



u0


2

� ku�
k

2
�
, t 2 Œ0; 1� .

We claim that for any f.tn; un/g � Œ0; 1� �X ,

f 0
tn
.un/ ! 0

kunk ! 1

9=; H) ftn.un/ ! C1. (2.6)

To see this, set

q.x; t/ D p.x; t/ � �`t , Q.x; t/ D

Z t

0

q.x; s/ds.

Then for juj � R we have

�`�1 C " � �` �
q.x; u/

u
� 0.

It follows that for juj � R

q.x; u/bu D
q.x; u/

u
ubu D

q.x; u/

u

�
.uC

C u0/2 � .u�/2
�
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� .�` � �`�1 � "/.u�/2.

Hence

�

Z
�

q.x; u/budx D �

Z
juj�R

q.x; u/budx �

Z
juj�R

q.x; u/budx
� �.�` � �`�1 � "/

Z
juj�R

.u�/2 dx � C kbuk

� �.�` � �`�1 � "/

Z
�

.u�/2 dx � C kbuk

D �.�` � �`�1 � "/

Z
�

.u�/2 dx � C kuk .

Thus according to (2.5), since " 2 .0; �` � �`�1/, we have

kunk �
˝
f 0

tn
.un/;bun

˛
D .1 � tn/

� Z
�

�
runrbun � �`unbun

�
dx �

Z
�

q.x; un/bun dx

�
C tn kunk

2

� .1 � tn/

�
�



uC


2

C "

Z
�

.u�
n /

2 dx � C kunk

�
C tn kunk

2

� .1 � tn/C1

� 

uC
n



2
C ku�

n k
2

�
� C2 kunk C tn kunk

2 . (2.7)

It follows that tn ! 0,


uC

n



2
C ku�

n k
2

� C


u0

n



. Hence

1

kunk

Z
�

�
jrunj

2
� �`u

2
�
dx �

1

kunk

Z
�

�
jru�

n j
2

� �`.u
�
n /

2
�
dx

�
�C1 ku�

n k
2

kunk
� �C . (2.8)

Let zn D un= kunk, then kznk D 1. Hence up to a subsequence

zn * z in X , zn.x/ ! z.x/ a.e. in �.

We write

zn D
uC

n

kunk
C

u�
n

kunk
C

u0
n

kunk
.

Obviously, (2.7) also implies



 uC
n

kunk





 ! 0,




 u�

n

kunk





 ! 0,




 u0

n

kunk





 ! 1. (2.9)

Since dimX0 < 1, we see that
�
u0

n

kunk

�
has a subsequence which converges to a point in X0.

Hence up to a subsequence zn ! z in X with kzk D 1. Thus z ¤ 0.
For x 2 ‚ WD fx 2 � W z.x/ ¤ 0g, we have jun.x/j ! C1. Thus we have

Q.x; un.x//

jun.x/j

jun.x/j

kunk
D
Q.x; un.x//

jun.x/j
.jz.x/j C o.1// ! �1.

By the Fatou’s Lemma, since the Lebesgue measure of ‚ is positive, we have

1

kunk

Z
z.x/¤0

Q.x; un.x// dx D

Z
z.x/¤0

Q.x; un.x//

jun.x/j

jun.x/j

kunk
dx ! �1. (2.10)
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On the other hand, Q.x; t/ is bounded from above, hence for n large enough,

1

kunk

Z
z.x/D0

Q.x; un.x// dx � C . (2.11)

From (2.8), (2.10) and (2.11) we have

f .un/ D kunk

�
1

kunk

Z
�

�
jrunj

2
� �`u

2
�
dx �

1

kunk

Z
�

Q.x; un.x// dx

�
D kunk

�
1

kunk

Z
�

�
jrunj

2
� �`u

2
�
dx

�
1

kunk

� Z
z.x/¤0

C

Z
z.x/D0

�
Q.x; un.x// dx

�
! C1. (2.12)

Finally, (2.9) implies that for n large enough,

uC
n



2
C



u0
n



2
� ku�

n k
2 > 0.

Note that tn ! 0, we have

ftn.un/ D .1 � tn/f .un/C tn
� 

uC

n



2
C



u0
n



2
� ku�

n k
2

�
�
1

2
f .un/ ! C1.

So we have proved our claim (2.6). This implies that the family ofC 1-functionals fft W t 2 Œ0; 1�g

satisfies the .PS/ condition and (2.3). Thus f D f0 also satisfies the .PS/ condition and, by
Proposition 2.2,

Ck.f;1/ D Ck.f0;1/ Š Ck.f1;1/ Š ık;dimX�G D ık;`�1G .

This completes the proof of Theorem 1.2 (i).

2.2. Proof of Theorem 1.2 (ii)

Decompose the space X as before, X D XC ˚X0 ˚X�. Let

h.u/ D
1

2

Z
�

�
jruj

2
� �`u

2
�
dx �



u0


2

,

and define a family of C 2�0-functionals fft W t 2 Œ0; 1�g on X :

ft .u/ D .1 � t /f .u/C th.u/

D
1

2

Z
�

�
jruj

2
� �`u

2
�
dx � .1 � t/

Z
�

Q.x; u/dx � t


u0



2
. (2.13)

Then arguing as in �2.1 (now for u D uC C u0 C u�, we set bu D uC � u0 � u�), we can prove
a claim ‘dual’ to (2.6):

f 0
tn
.un/ ! 0

kunk ! 1

9=; H) ftn.un/ ! �1. (2.14)

Remark 2.3. The claim (2.14) implies that f satisfies the .PS/ condition, and the critical values
of f are bounded from above.
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Although we have the claim (2.14), we can not say anything about the relation between
C�.f0;1/ and C�.f1;1/. This is why Li-Perera-Su could not compute C�.f;1/ explicitly
in [10, Proposition 1.3].

Thanks to [14, Theorem 1.1], the condition (1.2) allows us to reduce the problem into a fi-
nite dimensional subspace. Then we can use the Alexander Duality Theorem to overcome this
difficulty.

To carry out this program, let us consider a C 1-functional ' W X ! R, which satisfies the
.PS/ condition. If the critical values of ' are bounded from below by some ˛ 2 R, then we can
define a new sequence of critical groups using singular cohomology:

C k.';1/ D H k.X; '˛/, k 2 N.

If the critical values of ' are bounded, then both C�.';1/ and C �.�';1/ make sense. In the
case X D Rm, they have the following dual relation:

Lemma 2.4. If ' 2 C 1.Rm;R/ satisfies the .PS/ condition, with critical values bounded, then
Ck.';1/ Š Cm�k.�';1/.

Proof. Suppose that the critical values of ' are contained in the interval .�˛; ˛/, where ˛ is a
positive number. Since ' and �' have no critical value greater than ˛, both '˛ and .�'/˛ are
strong deformation retractor of Rm, hence

Ck.';1/ D Hk.Rm; '�˛/ Š Hk.f' < ˛g ; f' < �˛g/,

C k.�';1/ D H k
�
Rm; .�'/�˛

�
Š H k

�
.�'/˛; .�'/�˛

�
.

Let p W Rm ! Sm be the stereographic projection from the north pole p 2 Sm, applying the
Alexander Duality Theorem, we have

Ck.';1/ Š Hk.f' < ˛g ; f' < �˛g/

Š Hk

�
p.f' < ˛g/; p.f' < �˛g/

�
Š LHm�k

�
Sm

np.f' < �˛g/; Sm
np.f' < ˛g/

�
,

where LH� stands for the Čech cohomology. Because respect to the Čech cohomology, any closed
subset is excisable from a locally compact pair in an ENR (euclidean neighborhood retract), we
obtain

Ck.';1/ Š LHm�k
�
Sm

np.f' < �˛g/n fpg ; Sm
np.f' < ˛g/n fpg

�
D LHm�k

�
p.Rm

n f' < �˛g/; p.Rm
n f' < ˛g/

�
Š LHm�k

�
Rm

n f' < �˛g ;Rm
n f' < ˛g

�
D LHm�k

�
.�'/˛; .�'/�˛

�
Š Hm�k

�
.�'/˛; .�'/�˛

�
Š Cm�k.�';1/. (2.15)

In step (2.15) we use the fact that
�
.�'/˛; .�'/�˛

�
is a pair of ENR’s, hence according to [7,

Proposition 8.6.12], the Čech cohomology coincides with the singular cohomology.

Remark 2.5. The above lemma is motivated by [5], where similar result was obtained for the
critical groups C�.f; u/ at an isolated critical point.

To reduce the problem to a finite dimensional space, we recall the following proposition, which
is based on the Lyapunov-Schmidt reduction [1, 3].
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Proposition 2.6 ([14, Theorem 1.1]). LetX be a Hilbert space with inner product h�; �i and norm
k�k, Y;Z be closed subspace of X such that X D Z ˚ Y . Assume that f 2 C 1.X;R/ satisfies
the .PS/ condition, the critical values of f are bounded from below. If there is a real number
� > 0 such that for all z 2 Z and y1; y2 2 Y , there holds

hrf .z C y1/ � rf .z C y2/; y1 � y2i � � ky1 � y2k
2 ,

then there exists a C 1-functional ' W Z ! R which satisfies .PS/ and with critical values
bounded from below, such that Ck.f;1/ Š Ck.';1/ for all k 2 N.

In fact, ' W Z ! R is given by

'.z/ D f .z C  .z// D min
y2Y

f .z C y/,

where  2 C.Z; Y /. For the given z 2 Z,  .z/ is the unique element in Y satisfying the above
equation. Let PZ W X ! Z and PY W X ! Y denote the orthogonal projection, we also know
that for all z 2 Z, there holds

PZrf .z C  .z// D r'.z/, PY rf .z C  .z// D 0. (2.16)

See [1, 3] for the detail.

Remark 2.7. According to [1, Corollary 2.4 (ii)], if f 2 C 2�0
loc .X;R/, then  2 C 1�0

loc .Z; Y /.
Hence ' 2 C 2�0

loc .Z;R/.

Proof of Theorem 1.2 (ii). By (1.2), for x 2 �, t1; t2 2 R we have
q.x; t1/ � q.x; t2/

t1 � t2
� ƒ � �`, (2.17)

where q.x; t/ D p.x; t/ � �`t . Since lim
i!1

�i D C1, we can choose some r > `, such that

max
t2Œ0;1�

�
�` C .1 � t /.ƒ � �`/

�
D max.ƒ; �`/ � �r < �rC1. (2.18)

Decompose the space X as X D Z ˚ Y , where Y is the positive space of Ar and Z is the
orthogonal complement of Y . Note that here Ar is defined similar to (2.4). Consider the family
of functionals fft W t 2 Œ0; 1�g introduced in (2.13). Since

ft .u/ D
1

2

Z
�

�
jruj

2
� �`u

2
�
dx � .1 � t /

Z
�

Q.x; u/ dx � t


u0



2

and u0 2 X0 � Z, that is, u0?Y , using (2.17), we see that for z 2 Z, y1; y2 2 Y there holds

hrft .z C y1/ � rft .z C y2/; y1 � y2i

D

Z
�

jr.y1 � y2/j
2 dx � �`

Z
�

.y1 � y2/
2 dx

� .1 � t /

Z
�

�
q.x; z C y1/ � q.x; z C y2/

�
.y1 � y2/dx

�

Z
�

jr.y1 � y2/j
2 dx � �`

Z
�

.y1 � y2/
2 dx

� .1 � t /.ƒ � �`/

Z
�

.y1 � y2/
2 dx

D

Z
�

jr.y1 � y2/j
2 dx �

�
�` C .1 � t/.ƒ � �`/

� Z
�

.y1 � y2/
2 dx � � ky1 � y2k

2 ,

(2.19)
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where

� D 1 �
max.ƒ; �`/

�rC1

> 0.

Applying Proposition 2.6, we obtain a family of C 2�0
loc -functionals f't W t 2 Œ0; 1�g defined on Z.

The critical values of each 't are bounded from below, and

Ck.ft ;1/ Š Ck.'t ;1/, 8k 2 N. (2.20)

To see that @t't 2 C 1�0
loc .Z;R/, we write F.t; u/ D ft .u/. Then F W R � X ! R is of class

C 2�0, and

rF.t; u/ D PRrF.t; u/C PX rF.t; u/ D PRrF.t; u/C rft .u/. (2.21)

According to the decomposition R � X D .R ˚ Z/˚ Y , since PRrF.t; u/?Y , by (2.19) and
(2.21) we have

hrF.t C z C y1/ � rF.t C z C y2/; y1 � y2i

D hrft .z C y1/ � rft .z C y2/; y1 � y2i � � ky1 � y2k
2 .

Hence there exists ˆ 2 C 2�0
loc .R �Z;R/, such that

ˆ.t; z/ D max
y2Y

F.t; z; y/ D max
y2Y

ft .z C y/ D 't .z/.

So it is clear that @t't D @tˆ.t; �/ 2 C 1�0
loc .Z;R/.

We claim that
r'tn.zn/ ! 0

kznk ! 1

9=; H) .�'tn/.zn/ ! C1. (2.22)

In fact, since r'tn.zn/ ! 0, using (2.16) we have

rftn.zn C  .zn// D PZrftn.zn C  .zn//C PY rftn.zn C  .zn//

D r'tn.zn/ ! 0.

Moreover,
kzn C  .zn/k � kznk ! 1.

Hence by our claim (2.14) we have

.�'tn/.zn/ D .�ftn/.zn C  .zn// ! C1.

This proves our claim (2.22). So the critical values of each 't are bounded.
By Proposition 2.2, .�'0/

a is homeomorphic to .�'1/
a. Hence

C k.�'0;1/ Š C k.�'1;1/, 8k 2 N.

Since m D dimZ < 1, applying Lemma 2.4 we obtain

Ck.'0;1/ Š Cm�k.�'0;1/

Š Cm�k.�'1;1/ Š Ck.'1;1/, 8k 2 N.

Finally, by (2.20) we see that

Ck.f;1/ D Ck.f0;1/

Š Ck.'0;1/ Š Ck.'1;1/

Š Ck.f1;1/ D Ck.h;1/ Š ık;`G , 8k 2 N.

This completes the proof of Theorem 1.2 (ii).
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3. Solutions for elliptic resonant problems

Having computed the critical groups of f at infinity, we apply the Morse theory to give the
proof of Theorem 1.1.

Proof of Theorem 1.1. We only prove the theorem for Case (ii). For this purpose it suffices to
find a nonzero critical point for the functional f W H 1

0 .�/ ! R,

f .u/ D
1

2

Z
�

jruj
2 dx �

Z
�

P.x; u/ dx.

Under our assumptions it is well known that f 2 C 2�0.H 1
0 .�/;R/.

Let Y be the positive space of Am and Z the orthogonal complement of Y . According to
[13, Lemma 4.2], the condition .p0/ implies that f has a local linking at 0 with respect to the
decomposition X D Z ˚ Y . That is, there is ı > 0 such that for kuk � ı,

f .u/ � 0, if u 2 Z; f .u/ > 0, if u 2 Y n f0g .

By [12, Theorem 2.1], since dimZ D m we deduce

Cm.f; 0/ ¤ 0.

On the other hand, by Theorem 1.2 (ii) we know that f satisfies the .PS/ condition and

Ck.f;1/ Š ık;`G .

Bur m ¤ `, we have
Cm.f; 0/ ¤ Cm.f;1/.

Using Proposition 2.1 (ii), we see that f has a nonzero critical point u.

The existence of multiple solutions requires more conditions on the nonlinearity. In what fol-
lows we will assume more regularity conditions on p, so that the functional f is of class C 2.

Theorem 3.1. Suppose p 2 C 1.� � R;R/ and there exists ƒ > 0 such that jp0
t .x; t/j � ƒ. If

m > 1 and there exists � > 0 such that

�m �
p.x; t/

t
� �mC1 for 0 < jt j � �, (3.1)

then the problem (1.1) has at least two nontrivial solutions in one of the following cases:

.i/ p satisfies .p�/ with ` D 2.
.ii/ p satisfies .pC/ with ` D 1.

Proof. We only prove the theorem for Case (i). Under the assumptions we see that f is of class
C 2. According to [10, Proposition 1.1], the condition (3.1) implies that

Ck.f; 0/ Š ık;mG . (3.2)

On the other hand, by Theorem 1.2 (i), f satisfies .PS/ and

Ck.f;1/ Š ık;1G .

In particular C1.f;1/ ¤ 0. By Proposition 2.1 (i) we see that f has a critical point u with
C1.f; u/ ¤ 0. That is, u is a mountain pass type critical point of f . Since f is of class C 2, a
standard argument as in [4, 6] shows that

Ck.f; u/ Š ık;1G .

Comparing this with (3.2) we see that u ¤ 0.
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If 0 and u are the only critical points of f , then the Morse inequality (2.2) with t D �1 gives

.�1/m C .�1/1 D .�1/1 .

This is impossible. Therefore f has at least one more critical point.

Remark 3.2. The reason that we have to restrict on the case ` � 2 is that, for h > 1 we don’t
know whether Ch.f; u/ ¤ 0 implies Ck.f; u/ Š ık;hG , so we can not compute Ck.f; u/ explic-
itly.

Assuming the limit (1.5), with different assumptions on the nonlinearity similar results have
been obtained by Robinson [17] via topological degree and by Su-Zhao [19] using Morse theory.
Our Theorem 3.1 does not require that the above limit exists, therefore it can be applied to more
general case. For example, choose � 2

�
0; �1C�2

2

�
. Let p 2 C 1.R;R/ be such that p0.0/ > �2

is not an eigenvalue and
p.t/ D �t C .� � �1/t sin ln jt j

for jt j large, then the limit (1.5) does not exist. But it is easy to verify that Theorem 3.1 (ii) can
be applied and we still obtian two nontrivial solutions.
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