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Abstract

Nontrivial solutions for elliptic resonant problems are obtained via Morse theory. To compute the critical
groups at infinity of the relevant functional, we propose a new approach by combining the homotopy,

reduction methods and the Alexander Duality Theorem.
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1. Introduction

Let Q be a bounded domain in RY with smooth boundary 9. We consider the following

semilinear elliptic boundary value problem

—Au = p(x,u), in Q,

u =20, on 012,
where p : Q x R — R is a Carathéodory function which satisfies

|p(x,11) — p(x,12)| < Aty —12]

(1.1)

(1.2)

for some A > 0. Assume that p(x,0) = 0, then (1.1) admits a trivial solution u = 0. Therefore

we are concerned on the existence of nontrivial solutions.

Letd; <Az <+ < A < Amg1 < --- denote the eigenvalues of (—A, H, (2)), we consider

the following conditions of p:

(po) there exists p > 0 such that for || < p
t

1 1
E/thz < P(x,t) < Elm+112, where P(x,t) = / p(x,s)ds,
0

(p—) there exist &, R > 0 such that for |t| > R
px.1) _

1 A
A1 +e< . <Ay, lim — (P(x,t) — —Etz) = —00.

|t| =00 |t | 2
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(p+) there exist &, R > 0 such that for |[¢| > R

1 1 A
A< PED o e im — (Pr.t)—Z2502) = 400,  (1.4)
! [t|—o0 |t| 2

Note that the inequalities in ( p+ ) characterize (1.1) as resonant from one side at the eigenvalue
A¢. In particular, when the limit
im =

|t|—o00 t

Ag (1.5)

exists, we say that the problem (1.1) is resonant at infinity. Such resonant problems have been
extensively studied by many authors with various conditions imposed on the nonlinearity, see
[2,4,9, 11, 16, 18]. Typically, many results in the literature assume that the nonlinearity p(x,?)—
At is bounded or grows slower than |7|% for some o € (0, 1). For example, the authors of [9]
considered the case that p satiefies

|p(x,t) — Agt] < c (1 +[t]%), lim de (P(x,t) - )212) = +o0 (1.6)
|t| =00 | [| 2
for some o € [0, 1), and obtained one nontrivial solution of (1.1). Note that if « = 0, then (1.6)
is the standard Landesman-Lazer condition and has been considered in [4, 8].
In this paper, we study the case that p(x, ) — A¢¢ may not be bounded, not even grows slower
than |¢|* for some a € (0, 1). We shall prove the following theorem.

Theorem 1.1. Let p be a Carathéodory function on 2 x R that satisfies (1.2). Then the problem
(1.1) has at least a nontrivial solution in one of the following cases:

(i) p satisfies (po) and (p—) withm # £ — 1.
(ii) p satisfies (po) and (p+) withm # £.

Let X = H|(S2) be the Sobolev space with inner product

(u,v) =/ VuVu dx
Q

and corresponding norm |ju| = (u,u)l/ 2

functional f : X — R,

, we shall prove Theorem 1.1 by showing that, the

1
fu) = E/Q|Vu|2dx—/QP(x,u)dx

possess nonzero critical points. To do that, we shall apply the Morse theory (see the monographs
[4, 15] for a systematic exploration). More precisely, we will obtain nonzero critical points of f
by comparing the critical groups C«( f,0) of f at zero and Cx«( f, 00) at infinity (see Proposition
2.1 below). Therefore, the computation of critical groups is essential. The following theorem
is devoted to this issue. Since its proof (in particular, Case (ii)) illustrates a new approach to
compute Cx( f, 00), we recognize it as another main result of this paper.

Theorem 1.2. Let p be a Carathéodory function on 2 x R that satisfies (1.2).

(i) If p satisfies (p—), then the functional f satisfies the Palais-Smale (PS) condition, and
Ci(f. 00) = 8k —19.

(ii) If p satisfies (p+), then the functional f satisfies the Palais-Smale (PS) condition, and
Ck (f, OO) = (Sk’gg.
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Remark 1.3. This Theorem improves Li-Perera-Su [10, Proposition 1.3]: in Case (i), instead of
(1.3) they assumed the stronger condition: for |¢| > R,

p(x,t)
t

Ay —
A1+ €< <Ay,  P(x,t) < ZTgtz,

which can not be satisfied if (1.5) holds; in Case (ii), instead of (1.4) they assumed the stronger
condition: for |f| > R

p(x,t) Ay +8t2

Ay <

< Ag+1—6, P(x,t) >

2

which can not be satisfied if (1.5) holds, moreover, they only obtained Cy( f, 0o) # 0.

We will prove Theorem 1.2 in the next section. Our proof is based on the Homotopy Invariant
Theorem for C,(f, o0) established in [10]. However, this method can not be used directly in
Case (i1) of Theorem 1.2. Therefore, we use the reduction method of [14] and then, apply the
Alexander Duality Theorem. Obviously, our method can also be used in other situation.

In Section 3, we apply Theorem 1.2 and Morse theory to the functional f and give the proof
of Theorem 1.1. Other multiplicity results for boundary value problems are also given in the
section.

2. Computation of C, ( f, o0)

Let f be a C'-functional defined on a Hilbert space X, then the critical groups of f at an
isolated critical point u with f(u) = c are defined by

Ce(fou) == Hi(f€, f\{u}),  keN={0.12,--},

where H., is the singular relative homology with coefficients in an Abelian group ¢ and ¢ =
f (=00, c]. If f satisfies the (PS) condition and the critical values of f are bonded from
below by some o > —o0, then the critical groups of f at infinity were introduced by Bartsch-Li
[2] as

Ck(f,00) := Hi(X, %), kel (2.1)
Note that by the deformation lemma, the right-hand side of (2.1) does not depend on the choice
of «.

Using these concepts, we have the following famous Morse inequality

d M =) B+ (1+1) Q). (2.2)
k=0

k=0
where Q is a formal series with coefficients in N,

My = Zf/(u):() rank Cp (f,u), Bk = rank Cg(f, 00).

The critical groups and Morse inequality are very useful in studying the existence and multi-
plicity of critical points: we can distinguish critical points using critical groups and discover
unknown critical points using the Morse inequality.

The reader is referred to [4, 15] for more details on Morse theory. Here we state a corollary of
the Morse inequality (2.2), which is sufficient for proving Theorem 1.1.

Proposition 2.1. Suppose that f € C'(X,R) satisfies the (PS) condition and f has only
finitely many critical points, then the following statements hold.
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(i) Iffor some k € Nwe have Cy(f,00) # 0, then f has a critical point u with Ci( f,u) # 0.
(i1) Let 0 be an isolated critical point of f. If for some k € N we have Ci( f,0) # Ci( f, 00),
then f has a nonzero critical point.

The rest of this section is devoted to the proof of Theorem 1.2. For this purpose, we recall the
following Homotopy Invariant Theorem for critical groups at infinity.

Proposition 2.2 ([10, Theorem 3.1]). Let {f; : t € [0, 1]} be a family of C'-functionals defined
on a Hilbert space X, which satisfies the (PS) condition, such that f, and 9; f; are locally
Lipschitz continuous. If there exist a € R and § > 0 such that

fiw)<a = | ffw| =8 Vvielo1], (2.3)
then f§' is homeomorphic to f*. In particular, for all k € N we have Cy( fo, 00) = Ci(f1.,00).

Now we are ready to prove Theorem 1.2. In what follows the letters C and Cy, C3, --- will be
used to denote positive constants which are different from line to line.

2.1. Proof of Theorem 1.2 (i)

Let Ay : X — X be such that
(Ag(u),v) = / (VuVv — Apuv) dx, u,v e X. (2.4)
Q

Then Ay is a self-adjoint bounded linear operator on X. Let X© = ker(A4;), X~ and X * be the
negative and positive spaces of Ay respectively,then X = X @ X° @ X .

Foru € X we always writtu = ut +u® +u~ andw = u™ + u® — u~. It is well known that
forut e X,

[ (9 =2y s = o
“ 2.5)
— [ 9P = 2wy dv = G =2 [ @R,

Q Q

where w 1s a positive number. Let
fi) = A =1) fa) +t(JJut | + [u°)® = " )2), elo,1].
We claim that for any {(z,,u,)} C [0, 1] x X,
/ i, 0
Jun ttn) = = f1, (Uun) = +o00. (2.6)

[ || — o0

To see this, set

q(x,t) = p(x,t) — Agt, Q(x,t) = /0 q(x,s)ds.

Then for |u| > R we have

Ae—1+e—Ag = atx.u)

<0.

It follows that for |u| > R

CI(?: u) Wi = CI(?: u) ((u+ + uo)z . (u—)z)

q(x,u)u =
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< (Ag— A —e) )2

Hence

—/ q(x,u)udx = —/ q(x,u)ﬁdx—/ q(x,u)udx
Q |lu|>R

[u|<R

> —(Ag— A1 —¢) u R(u_)z dx — C [u]

=~ e —o) [ @) dx—C 7
==t =) [ W) dr=C .
Thus according to (2.5), since ¢ € (0,A; — Ay—1), we have
lunll = (fi, (), Un)
=(1— t,,)|:/ (Vun Vi, — Aguntiy) dx —/ q(x, un)ity dx} + 1 |[un |
Q Q

> (1 —m)[u [ +e/g<u;)2 dx—C ||un||] + b llunl?
> (1= t)Cr ( [uf [* + T 17 ) = Co Jatnll + Nt 2.7)

It follows that 7, — 0, ||u; H2 + Jluy |? < C |ul]. Hence

1 1
/ (IVuun|> = 2eu?) dx > / (1Vu, > = Ae(uy,)?) dx
lunll Jeo lunll Jeo
—Cq lu=11?
sl L N (2.8)
[[2nl
Let z, = u,/ ||un|, then ||z, || = 1. Hence up to a subsequence
Zy = zin X, Zp(x) = z(x) a.e. in Q2.
We write N B o
Zp = Uy, + U, + Uy )
lunll  luall — lunll
Obviously, (2.7) also implies
+ 10
n ‘—)O, ‘ |—>0, | L ‘—)1. (2.9)
[[4n ] 24 | 24 ]
0
Since dim X° < oo, we see that % “ L ” % has a subsequence which converges to a point in X°.
Up
Hence up to a subsequence z,, — z in X with ||z|| = 1. Thus z # 0.

Forx € ® := {x € Q: z(x) # 0}, we have |u,(x)| = +o0o. Thus we have
Q¥ un(x)) [un ()| _ Q(x, un(x))

un ()| Nuall |1 ()]
By the Fatou’s Lemma, since the Lebesgue measure of ® is positive, we have

| 0t 1 (X)) [t ()
’ n d =
Tl ey 25 n ) /Z(x#o RS

(Iz(x)| 4 o(1)) = —oo.

dx — —o0. (2.10)
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On the other hand, Q(x, t) is bounded from above, hence for n large enough,
1
[nll Jz(x)=0
From (2.8), (2.10) and (2.11) we have

O(x,u,(x))dx <C. (2.11)

_ L 2_ 2 _ 1
f(un>—||un||(”un|| /Q (19" = h?) by = - /Q Q(x,un<x))dx)

1
~ (o [ (1907 = 20%)

[t |

1
— (/ +/ )Q(x,un(x)) dx) — 400. (2.12)
lunll \Jzm#0  Jz)=0
Finally, (2.9) implies that for n large enough,

[ 17+ Jun” = ez 1 > .
Note that 7, — 0, we have
Fontn) = (1= 1) f@n) + ta( 27| > + |u2])* = f2e; %)
1
= Ef(un) — +00.

So we have proved our claim (2.6). This implies that the family of C!-functionals { f; : ¢ € [0, 1]}
satisfies the (PS) condition and (2.3). Thus f = f, also satisfies the (PS) condition and, by
Proposition 2.2,

Ci(f. 00) = C(fo,00) = Ci(f1,00) = Sk dimx—Y = Sk,e—1¥-
This completes the proof of Theorem 1.2 (i).

2.2. Proof of Theorem 1.2 (ii)
Decompose the space X as before, X = X* @ X% @ X . Let
1
h(u) = —/ (IVul® — Au?) dx — |u°]
2 Ja
and define a family of C2~°-functionals { f; : ¢ € [0, 1]} on X:

Jiu) = (1 —1) f(u) + th(u)
— 1 2 2 . . . 0112
= 2/Q(IWI Agu®) dx — (1 t)/QQ(x,u)dx tu®]”. (2.13)

2
s

+ 0

Then arguing as in §2.1 (now foru = u™ +u® +u~, we set = u
a claim ‘dual’ to (2.6):

—u” —u" ), we can prove

fi (up) =0

[ || = o0

= f1, (Un) — —0. (2.14)

Remark 2.3. The claim (2.14) implies that f satisfies the (P.S) condition, and the critical values
of f are bounded from above.
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Although we have the claim (2.14), we can not say anything about the relation between
Cy«(fo,00) and C«( f1,00). This is why Li-Perera-Su could not compute Ci( f, o0) explicitly
in [10, Proposition 1.3].

Thanks to [14, Theorem 1.1], the condition (1.2) allows us to reduce the problem into a fi-
nite dimensional subspace. Then we can use the Alexander Duality Theorem to overcome this
difficulty.

To carry out this program, let us consider a C!-functional ¢ : X — R, which satisfies the
(PS) condition. If the critical values of ¢ are bounded from below by some o € R, then we can
define a new sequence of critical groups using singular cohomology:

CKp,00) = H*(X,¢%), Kk eN.

If the critical values of ¢ are bounded, then both Cy (¢, 00) and € *(—¢, co0) make sense. In the
case X = R™, they have the following dual relation:

Lemma 2.4. If ¢ € C1(R™,R) satisfies the (PS) condition, with critical values bounded, then
Cr (9, 00) = €™ K(—¢, 00).

Proof. Suppose that the critical values of ¢ are contained in the interval (—«, o), where « is a
positive number. Since ¢ and —¢ have no critical value greater than «, both ¢* and (—¢)* are
strong deformation retractor of R, hence

Cr(p,00) = Hy(R",0™%) = Hr({p < a},{p < —a}),
CK(—p,00) = H*(R™, (—9)™) = H*(—9)*. (—¢)7®).
Let p : R™ — §™ be the stereographic projection from the north pole p € S™, applying the
Alexander Duality Theorem, we have
Ck((p’ OO) = Hk({(P < O[} ’ {90 < —O[})
=~ Hi(p({e < a}).p({p < —a}))
=~ H™*(S™\p({p < —a}), S™\p({p < a})),
where H* stands for the Cech cohomology. Because respect to the Cech cohomology, any closed

subset is excisable from a locally compact pair in an ENR (euclidean neighborhood retract), we
obtain

Ci(p,00) = H™*(S™\p({p < —ap)\ {p}.S"\p({p < aD)\ {p})

= H"*(p®"\ {p < —a}). pR"\ {p < t}))

= H" R\ {p < —a} , R™\{p <a})

= H" ™ (p)*. () ™)

= H" " ()", (—9)™%) = ¢" Mg, 00). (2.15)
In step (2.15) we use the fact that ((—(p)"‘, (—(p)_‘") is a pair of ENR'’s, hence according to [7,
Proposition 8.6.12], the Cech cohomology coincides with the singular cohomology. U

Remark 2.5. The above lemma is motivated by [5], where similar result was obtained for the
critical groups C,( f, u) at an isolated critical point.

To reduce the problem to a finite dimensional space, we recall the following proposition, which
is based on the Lyapunov-Schmidt reduction [1, 3].
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Proposition 2.6 ([ 14, Theorem 1.1]). Let X be a Hilbert space with inner product (-, -) and norm
I, Y, Z be closed subspace of X such that X = Z ® Y. Assume that f € C'(X,R) satisfies
the (PS) condition, the critical values of f are bounded from below. If there is a real number
k > 0 such that forall z € Z and yy, y, € Y, there holds

(VIfz+y) =V fz+y2).y1—y2) = k|y1—y2

then there exists a C'-functional ¢ : Z — R which satisfies (PS) and with critical values
bounded from below, such that Cy ( f, 00) = Cy (¢, 00) for all k € N.

2

In fact, ¢ : Z — R is given by
p(z) = fz+¥() = ﬂnei? fz+y),

where ¥ € C(Z,Y). For the given z € Z, ¥ (z) is the unique element in Y satisfying the above
equation. Let Pz : X — Z and Py : X — Y denote the orthogonal projection, we also know
that for all z € Z, there holds

PzVf(z+v¥(2) =Ve(z), PyVfiz+vy(2)=0. (2.16)
See [1, 3] for the detail.

Remark 2.7. According to [1, Corollary 2.4 (ii)], if f € CZ°(X,R), then y € C!-%(Z,Y).
Hence ¢ € C2-°(Z,R).

loc

Proof of Theorem 1.2 (ii). By (1.2), for x € 2, t1,1, € R we have

q(x,t1) —q(x,12)
A R )

<A—Ag (2.17)
where g(x,t) = p(x,t) — Agt. Since lim A; = +o00, we can choose some r > £, such that
1 —>00
m[ax] ()Lg + (1 —1)(A - )Lg)) =max(A,Ay) < A, < Apy1. (2.18)
t€[0,1

Decompose the space X as X = Z @ Y, where Y is the positive space of A, and Z is the
orthogonal complement of Y. Note that here A, is defined similar to (2.4). Consider the family
of functionals { f; : t € [0, 1]} introduced in (2.13). Since

fi(u) = %/Q(|Vu|2—)tgu2)dx—(l—t)/gQ(x,u)dx—t ||

andu® € X° C Z, thatis, u® LY, using (2.17), we see that for z € Z, y{, y, € Y there holds
(VSfi(z +y1) =V fi(z +y2),y1 — »2)

- [ V(1 — y)I? dx — A / (1 — y2)? dx
Q Q
(-1 /Q (¢(r.z + y1) — g(x. 2 + 92) (1 — y2) dax
> /Q V(1 — y2)? dx — A /Q (1 — y2)* dx
(=) (A = A) /Q (71— y2)? dx

=/Q|V(yl—y2)|2 dx—(xe+(1—z>(A—Ae))/Q<y1—yz)zdx > i ly1 = vl
(2.19)
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where A
_max(A,Ag) o

K =
Ar+1

Applying Proposition 2.6, we obtain a family of C_°-functionals {¢; : ¢ € [0, 1]} defined on Z.
The critical values of each ¢; are bounded from below, and

Ck(fi,00) = Ci (¢, 00),  Vk €N, (2.20)

To see that ;¢ € C.-°(Z,R), we write F(t,u) = f;(u). Then F : R x X — Ris of class
C?79 and

VF(t,u) = PRVF(t,u) + PxVF(t,u) = PRVF(t,u) + V f,(u). (2.21)

According to the decomposition R x X = (R® Z) @ Y, since PRV F(¢t,u) LY, by (2.19) and
(2.21) we have

(VFt +z+y1))—VFI +z+y2),y1—y2)

= (Vfi(z +y1) = VLilz + y2), y1 — ¥2) > k [[y1 — y2|°.
Hence there exists ® € C2° (R x Z,R), such that

loc

®(t,z) =max F(t,z,y) = max f;(z + y) = ¢(2).
yeY yeY

So it is clear that 9;¢; = 9, ®(z,-) € C\\°(Z, R).
We claim that

Vi, (zn) = 0
Pin (2 —> (—¢1,)(2n) = Fo00. (2.22)
|2 ]| = o0

In fact, since V¢, (z,) — 0, using (2.16) we have
Vfin(zn +¥(20)) = PzV f1,(2n + ¥ (20)) + Py V f1, (20 + ¥ (22))
= Vg, (zp) — 0.
Moreover,
Izn + ¥ (@) = ||znll — oo.
Hence by our claim (2.14) we have
(=¢1,)(zn) = (= f1,)(Zn + ¥ (zn)) > +00.

This proves our claim (2.22). So the critical values of each ¢; are bounded.
By Proposition 2.2, (—¢o)¢ is homeomorphic to (—¢;)?. Hence

¢H(—pg,00) = €X(—p,00), VkeN.
Since m = dim Z < oo, applying Lemma 2.4 we obtain
Ci (g0, 00) 2= €™ K=y, 00)
=~ ¢ K g, 00) = Ck(p1,00), Vk € N.
Finally, by (2.20) we see that
Ci(f, 00) = C(fo.00)

= Ci(po, 00) = Cr(p1,00)
= Ci(f1,00) = Ci(h,00) = 8k 49, Vk € N.

This completes the proof of Theorem 1.2 (i1). U
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3. Solutions for elliptic resonant problems

Having computed the critical groups of f at infinity, we apply the Morse theory to give the
proof of Theorem 1.1.

Proof of Theorem 1.1. We only prove the theorem for Case (ii). For this purpose it suffices to
find a nonzero critical point for the functional f : HOl () = R,

fu) = %/Q|Vu|2 dx—/QP(x,u)dx.

Under our assumptions it is well known that /' € C*7°(H; (), R).

Let Y be the positive space of A, and Z the orthogonal complement of Y. According to
[13, Lemma 4.2], the condition (po) implies that f has a local linking at 0 with respect to the
decomposition X = Z @ Y. That is, there is § > 0 such that for ||u| < §,

f(u) <0, ifueZ2z, f(u) >0, ifueY\{0}.
By [12, Theorem 2.1], since dim Z = m we deduce
Cn(f,0) #0.
On the other hand, by Theorem 1.2 (ii) we know that f satisfies the (P.S) condition and
Cr(f.00) = 8k 49 .

Bur m # £, we have
Cn (/. 0) # Ciu(f, 00).

Using Proposition 2.1 (ii), we see that f has a nonzero critical point u. U

The existence of multiple solutions requires more conditions on the nonlinearity. In what fol-
lows we will assume more regularity conditions on p, so that the functional f is of class C?2.

Theorem 3.1. Suppose p € C1(Q x R, R) and there exists A > 0 such that |p,(x,1)| < A. If
m > 1 and there exists p > 0 such that

p(x,1)

Am =< <Am+1  forO<[t] <p, (3.1)

then the problem (1.1) has at least two nontrivial solutions in one of the following cases:
(i) p satisfies (p—) with £ = 2.
(ii) p satisfies (p+) with £ = 1.
Proof. We only prove the theorem for Case (i). Under the assumptions we see that f is of class
C?. According to [10, Proposition 1.1], the condition (3.1) implies that
Cr(1.0) = §k.m¥. (3.2)
On the other hand, by Theorem 1.2 (i), f satisfies (P.S) and
Ck(f, OO) = 5k,1g-

In particular Cy( f, 00) # 0. By Proposition 2.1 (i) we see that f has a critical point ¥ with
Ci(f,u) # 0. That is, u is a mountain pass type critical point of f. Since f is of class C2, a
standard argument as in [4, 6] shows that

Cr(fiu) = 619
Comparing this with (3.2) we see that u # 0.
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If 0 and u are the only critical points of f, then the Morse inequality (2.2) with ¢t = —1 gives
(D" + (D' = (=D
This is impossible. Therefore f has at least one more critical point. U

Remark 3.2. The reason that we have to restrict on the case £ < 2 is that, for 4 > 1 we don’t
know whether Cp,(f, u) # 0 implies C (f, u) = 8§k 1%, so we can not compute Ci (f, u) explic-
itly.

Assuming the limit (1.5), with different assumptions on the nonlinearity similar results have
been obtained by Robinson [17] via topological degree and by Su-Zhao [19] using Morse theory.
Our Theorem 3.1 does not require that the above limit exists, therefore it can be applied to more

general case. For example, choose A € (0, Mzﬂ) Let p € C!(R,R) be such that p’(0) > A,
is not an eigenvalue and

p(t) = At + (A —Ay)tsinln|¢|
for |t| large, then the limit (1.5) does not exist. But it is easy to verify that Theorem 3.1 (ii) can
be applied and we still obtian two nontrivial solutions.
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