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‘We prove that if the Lyapunov—Schmidt method is applicable, then the critical groups
at infinity of the reduced functional are isomorphic to those of the original functional.
This observation, combining with our results on the critical groups of finite dimensional
functional, enables us to compute the critical groups at infinity. New multiplicity results
for resonant elliptic boundary value problems are obtained as applications.
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1. Introduction

Infinite dimensional Morse theory is a very useful tool in treating multiple solu-
tion problems in the study of nonlinear differential equations. For a systematic
exploration of this theory, the reader is referred to the books by Chang [5] and
Mawhin-Willem [13]. The main concept in this theory is the critical group C,(f,u)
for a C'-functional f : X — R at an isolated critical point u, where X is a Banach
space. In [3], Bartsch and Li introduced the critical group at infinity, Cy(f,0).
Using these concepts, we have the following famous Morse inequality

ZM 1= Zﬂqtq +1)Q(t), (1.1)

where @ is a formal series with nonnegative coefficients,

M, = Z rank Cy(f,u), By =rank Cy(f,00),

ueK
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being K := {u € X : f'(u) = 0}, the critical set of f. In most applications, unknown
critical points will be found from (1.1) if we can compute both the critical groups
at known critical points and the critical groups at infinity. Thus the computation
of the critical groups is very important.

On the other hand, the Lyapunov-Schmidt reduction procedure is a powerful
method on finding critical points for a Cl'-functional f : X — R, where X =
X~ ®XT is a separable Hilbert space being X =, X closed subspaces of X . In most
applications, X~ or X7 is finite dimensional. Under appreciative conditions, there
exists a reduced functional ¢ : X~ — R, which is closely related to the study of
the original functional f. The purpose of this paper is to reveal this relation further
from the Morse theoretical point of view. More precisely, we have the following
abstract results:

Theorem 1.1. Let X be a separable Hilbert space with inner product (-,-) and
corresponding norm |||, X, X be closed subspaces of X such that X = X~ ®XT.
Assume that f € C1(X,R) satisfies the (PS) condition, the critical values of f are
bounded from below. If there is a real number m > 0 such that for all v € X~ and
wi, wy € X T, there holds

(Vf(v+w1) = Vf(v+ws),wy —wz) >mlw —ws?, (1.2)
then there exists a C-functional ¢ : X~ — R such that
Co(f,00) = Cy(p,00), ¢=0,1,2,....
Moreover, if k := dim X~ < oo and Ci(f,00) # 0, then Cy(f,00) = 64.1G.

Theorem 1.2. Let X be a separable Hilbert space with inner product (-,-) and
corresponding norm ||-||, X ~, X be closed subspaces of X such that X = X~ @ X
and j := dim X < co. Assume that f € C1(X,R) satisfies the (PS) condition, the
critical values of f are bounded from below. If there is a real number m > O such
that for all v € X~ and wy, wy € X, there holds

—(Vf(v+wr) — Vfv+ws),ws —ws) > mllwy —ws?, (1.3)
then there exists a Cl-functional ¢ : X~ — R such that
Cy(f,00) = Cy_j(p,00), ¢=0,1,2,....
Moreover, if C;(f,00) # 0, then Cq(f,00) = d4,;G.

We will recall some notions and results on Morse theory and the Lyapunov—
Schmidt reduction method in Sec. 2. The proofs of Theorems 1.1 and 1.2 will also
be presented in this section. We remark that, there are some recent works concerning
on the computation of the critical groups C,(f, o), cf. [3, 5, 9, 10]. Theorems 1.1
and 1.2 enable us to give new computations of these critical groups.
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In Sec. 3, we apply our abstract results to the following semilinear elliptic bound-
ary value problem

{ —Au=p(u), inQ, (1.4)

u=0, on 02,

where 2 C R is a bounded open domain with smooth boundary 9 and p :
R — R is a C''-function. We are interested in the case that the problem (1.4) is
asymptotically linear at both zero and infinity.

Since the pioneer work of Amann and Zehnder [1], where the existence of at
least one nontrivial solution was proved if the nonlinearity crosses at least one
eigenvalue, this kind of problems have captured great interest. The resonance case,
i.e., limjy| o p'(u) = A¢ for some £ € N, is more delicate. In this case, the existence
of at least one nontrivial solution has been obtained in [3, 9-11, 15, 16].

As applications of our abstract results, in the case that p’(0) < A1, we obtain
at least four nontrivial solutions of problem (1.4). Such results have been obtained
in [12], provided that the nonlinearity p(u) — A¢u is bounded or grows slower than
|u|®, for some « € (0,1). Our result do not have this restriction.

2. Critical Groups, Saddle Point Reduction

Let X be a separable Hilbert space with inner product (-, -) and corresponding norm
II-1l, f € CHX,R). Let ug be an isolated critical point of f with f(ug) = ¢. Then
the group

Cq(faUO) = Hq(fca fc\{uO})ﬂ q=0,1,2,...

is called the qth critical group of f at ug, here fo ={u € X : f(u) <c}, Hy(A4,B)
stands for the gth singular relative homology group of the topological pair (4, B)
with coefficients in an Abelian group G.

If f € C%(X,R), then f”(up) is a self-adjoint linear operator on X. The dimen-
sion of the largest negative space of f”(ug), is called the Morse index of f at wo,
the dimension of the kernel of f”(ug) is called the nullity of f at ug. We say that
ug is nondegenerate if and only if the nullity of f at ug is zero. For a nondegenerate
critical point ug with Morse index p, we have Cy(f, ug) = d4,,G. For a critical point,
which may be degenerate, we have the following important result:

Proposition 2.1 ([13, Corollary 8.4]). Suppose f € C*(X,R), ug is an iso-
lated critical point with finite Morse index p and nullity v. If f”(ug) is a Fredholm
operator, then Cy(f,uo) =0, for ¢ ¢ [u, u + v]. Moreover,

(1) Cuf,u) £ 0 implies Cy(f,u) = 6,0,
(2) Cuyr(fiu) #0 implies Cy(f,u) = 6g,u+1G-

Let us recall a compact condition in the sense of Cerami, which is weaker than
the usual compact condition (P.S).
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Definition 2.1. We say that f € C!'(X,R) satisfies the condition (C), if, any
sequence {u,} C X such that {f(un)} is bounded and (1 + [Jun||)||f/ (un)|| — O
possesses a convergent subsequence.

Now we assume that the critical values of f are strictly bounded from below
by some « € R, and f satisfies the condition (C). Then the gth critical group at
infinity of f is defined in [3, Definition 3.4] as

Cq(f,OO) ::Hq(vaa), q=0,1,2,....

Due to the condition (C'), these groups are not dependent on the choice of a.
Let us recall a global version of the Lyapunov—Schmidt method. For the proof,
the reader is referred to [4, Lemma 2.1], see also [2].

Proposition 2.2. Let X be a separable Hilbert space, X, X+ be closed subspaces
of X such that X = X~ ®X*t. Let f: X — R be a C'-functional. If there is a real
number m > 0 such that for all v € X~ and wy, we € X, there holds

H(Vf(v+wi) = V(v 4 ws), wy —ws) > mllwy — wel?, (Ex)
then we have

(i) There exists a continuous function v : X~ — X such that

if (Ey) holds, then f(v+¢(v)) = H€1‘1)?+ flv+w),

if (E_) holds, then f(v+¢(v)) = max f(v+w).

weXt
Moreover, 1)(v) is the unique member of X+ such that
(Vw+9y@w),w) =0, foral weXT.
(i) The functional p : X~ — R defined by p(v) = f(v+1(v)) is of class C1, and
(Vo(),v1) = (Vf(v+¢w)),v1), forallv, vy € X .
(iii) An element v € X~ is a critical point of ¢ if and only if v+ (v) is a critical
point of f.

Remark 2.1. From Proposition 2.2, it is easy to see that, if the critical values of f
are bounded from below, then the critical values of ¢ are also bounded from below;
if f satisfies the (PS) condition, so does ¢, cf. [2, Lemma 1].

Now we are in a position to state the proofs of Theorems 1.1 and 1.2. The

following lemmas will be needed.

Lemma 2.1. Assume that ¢ € CY(R",R) satisfies the condition (C), and the

a4

critical values of ¢ are bounded below. Then Cy(p,00) # 0 implies Cy(p,00) =
dgnG-

Proof. Choose a real number

b < inf{p(v):veR", ¢'(v)=0}.
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The set
C={veR": o) >b}

is closed. Note that C'is also connected, otherwise following from the condition (C')
and a standard linking-type argument, ¢ will have a critical value ¢ < b.

Let a < b. Since there is no critical value of ¢ in [a, b], we get a continuous map
7 :[0,1] X vp — ©p, such that

(i) n(0,-) =1y, n(1,5) C ¢a,
(ii) n(t,v) = v, for (t,v) € [0,1] X pa,
(iii) w(n(t, v)) is nonincreasing in .

From (iii), if p(v) < b, then ¢(n(t,v)) < b. Thus n maps [0, 1] x (R™\C) into R"\C.
So ¢, is a strong deformation retractor of R™\C, and we have

H,(R",R"\C) = H,(R",p,), forg=0,1,2,.... (2.1)

We claim that C' is compact: For otherwise, since C' is closed and connected, by
[7, Corollary VIIL.3.4] we will have H, (R™, R™"\C) 2 0. But, since

a<b<inf{p(v):veR" ¢(v)=0},
from (2.1) we get
Chn(p,00) =2 H,(R", p,) =2 H,(R",R"\C) 20,

which is a contradiction.
Since C' is compact, ¢ must be bounded from above. Moreover, by a result due
to Zhong [18, Corollary 3.8], we know that

p(v) = —oc0, as|v] — o0,
where |v| is the Euclidean norm of v. Thus we can choose
a<b<inf{p):veR", ¢(v)=0},
and R > 7 > 0, such that
¢ D R"\B, D 9o D R"\Bg,

where B, = {v € R": |[v] < p}.
It is well known that ¢, is a strong deformation retractor of 3, thus

Hy(op,pa) =20, forqg=0,1,2,....
Consider the following portion of the exact sequence of the triple (R"™, vp, ¥a)

0 = Hq(@b,@a) B Hq(RnaWa)

i n .
— Hy(R", p) — Hg—1(pp,pa) =0
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and that of the triple (R, R\ B, R™\Bg)
0= H,(R"\B,,R"\Bg) — H,(R",R"\Bg)

£ H,R", R™\B,) 2 H,_,(R"\B,,R"\Bg) =0,

where i, k. are induced by inclusions. It follows that i, and k. are isomorphisms.
We also have the following commutative diagram:

T

\
ke

where all the homomorphisms are induced by inclusions. Since i, and k., are
isomorphisms, we deduce that [, is also an isomorphism. Thus

C'q(<p7oo) = Hq(Rn7<pa) = Hq(Rn,Rn\BT) & 5q7ng.

Hy(R™, ¢q)

HL](an (Pb)

H,(R",R™\Bp) H,(R",R™\B,),

This completes the proof. O

Lemma 2.2. Let E be a Banach space. Assume that ¢ € C*(E,R), the critical
values of ¢ are bounded below. Then Co(p,00) # 0 implies Cy(p, 00) = §40G.
Proof. If Cy(p,o0) # 0, then ¢ is bounded from below. Otherwise, for any
a < inf{p(v):veE, ¢(v)=0},
o will not be empty. Since E is path-connected, by [8, Proposition 13.10] we have
CO(SOu OO) = HO(Eu SOCL) = 07
a contradiction.
Thus, for a close to —oo, we will have ¢, = (). So
Cq(p,00) = Hy(E, pa) = Hy(E) = 64,00 -
This completes the proof. O

Proof of Theorem 1.1. By Proposition 2.2, we have a continuous function 1 :
X~ — X7 and a C'-functional ¢ : X~ — R, such that

P(0) = f(0 4+ ¥(©) = min f(v+w).

Moreover, ¢ satisfies the (P.S) condition (thus the condition (C)), and the critical
values of ¢ are bounded from below. Thus the critical groups Ci (¢, 00) are well
defined.

If we choose a € R such that the critical values of f and ¢ are bounded from
below by a, then we have

Cq(ﬁOO)ZHq(X,fa), Cq((p,OO)ZHq(Xigpa).
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Let

A= {(,d@):ve X7}, Bi={(v,5(v):v € pa}.

From the definition of ¢, if (v,w) € f,, then v € @,. Thus we have the following
diagram:

(X, fa) == (A, B) <2 (X, 0a),

where g(v) = (v,%(v)) and h(v,w) = (v,%(v)). Obviously g is a homeomorphism
with inverse ¢~!(v,9(v)) = v. We will show that h is a homotopic equivalence
below. Thus passing to homology, g, and h, are isomorphisms, and we get

CQ(f7 OO) = Hq(Xv fa) = HL](Aa B)
= Hy(X™, pa) = Cy(ip,00) . (2.2)

The first conclusion of Theorem 1.1 follows. If k = dim X_ < oo and Ci(f, 00) # 0,
then (2.2) results Cy(p, 00) # 0. By Lemma 2.1, we have Cy(p, 00) = 64.1G. So

O‘I(fa OO) = Oq(<p7 OO) = 5q,kg .

This is our second conclusion.
Now we show that h is a homotopic equivalence. Note that (1.2) implies that f
is convex on w, that is, for v € X~ and wy, wo € X,

flo,(1—twy +twe) < (1 —t)f(v,wr) +tf(v,we), 0<t<1.
Hence we can define F': ([0,1] x X,[0,1] X fo) — (X, fa),
F(t, (v,w)) = (v, (1 = t)w + t4p(v)) -

Using the homotopy F, let i : (A, B) — (X, fo) be the inclusion, it is easy to see
that hoi =14 py, ioh ~1(x . So his a homotopic equivalence. O

Proof of Theorem 1.2. By Proposition 2.2, we have a continuous function ¢ :
X~ — X7* and a C'-functional ¢ : X~ — R, such that

p(v) = f(v+4(v) = max f(v+w).

As in the proof of Theorem 1.1, the critical groups C,(p, c0) are well defined, and
we can choose a € R, such that

Cq(f,00) = Hg(X, fa),  Cqlp,00) = Hy(X™, a) -
Forve{ze X~ :p(z) >a}, we XT\{¢(v)}, let
0(0) = (.0t tw — (), 120,

By (1.3), it is easy to see that lim;—,o, g(t) = —oo. Thus if f(v,w) > a, there exists
a T(v,w) > 0, such that

flo, 0+ T (v, w)(w =9 (v))) = a.
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Since for all £ € X+, we have (V f(v,4(v)),£) = 0. Hence

0
5 (0.0 tw = $(v))

= —(Vf(v,w+t{w = (v))),w =P (v))

_ (Vfww A tw = P(v)) = VI(v,9@),w+ tw = $@)) = ¢(v))
—(1+7%)

> mlw—y@)|*(1+t) >0, t>0.
Now by the implicit function theorem, T'(v, w) is unique and continuous with respect
to (v,w) € X N f~Y(a, +00).
Let A= (po x XT)U{(v,w) : p(v) > a,w # 1(v)}. Obviously, the function T
can be extended to T': A — R continuously in the following way:
. 0, if f(v,w)<a,
T(v,w) =
T(v,w), if flv,w)>a.
Now we define a homotopy F : [0,1] x A — A,
F(t, (v,w)) = (v, (1 = t)w + t(w + T(v,w)(w = (v)))).

Clearly, F'(1,A) = fa, F(1,-) is a homotopic equivalance between A and f,. See
the following figure, where w = w + T'(v, w)(w — ¥ (v)).

§X+ TP S ~f=a

5 f<aq Evjw;

feq | f=e ) i
= f>“-<v v(o)
0 ~=a

P b v X~
o<al lp>al
f<a

Let G: A — (pq x XT)U (X~ x S) be defined as

G(U’ w) = (U7w - ¢(U)) )

where S = {w € Xt :w # 0}. Then G is a homeomorphism.
Now by the Kiinneth formula we have

Ci(fy00) = Ho(X™ x X¥, fo) 2 Ho(X™ x X7, 4)
=2 H(X XX (pa x XT)U(X™ x9))
= H.((X7,pa) x (XT,85))
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o~

—i(X 7, 0a) = Curji(p, 00). (2.3)

Here we use the fact that H,(X 1, S) = H,(R?, R/\{0}) = 6,,,G.
From (2.3), if C;(f, 00) # 0, then Cy(p,00) # 0. By Lemma 2.2,

Cq(f,00) = Cqj(p,00) = 84—5.0G = 64,55 -

H,
H,

I

This completes the proof. O

Since the condition (C) is weaker than the (PS) condition, we wish that
Theorems 1.1 and 1.2 can still hold under the condition (C'). Checking the proof
of Theorems 1.1 and 1.2, it suffices to ensure that ¢ satisfies the condition (C).
Unfortunately, in the setting of Proposition 2.2, if f satisfies the condition (C),
we can not deduce that ¢ also satisfies the condition (C'). However, if we assume
further that

1 ()] < CQA+ [ul), (2.4)

then Zou-Liu [19, Lemma 2.5] has proved that if f satisfies the condition (C'), then
¢ does also satisfy the condition (C'). Thus we have

Corollary 2.1. Assume that f € C1(X,R) satisfies (2.4). If we replace the (PS)
condition with the condition (C), then all the conclusions of Theorems 1.1 and 1.2
still hold.

Finally, we state a version of the Morse inequality, see [5, Theorem 1.4.3].

Theorem 2.1 (Morse inequality). Suppose that f € C*(X,R) satisfies the con-
dition (C), has only isolated critical points, and the critical values of f are bounded
from below. Then we have

iMqt" = iﬂqtq +(1+1)Q(), (2.5)
q=0 q=0

where My = 3, rank Cy(f,u), By = rank Cy(f,00), and Q is a formal series
with nonnegative coefficients.

Corollary 2.2. Under the assumption of Theorem 2.1, if Cy(f,00) # 0, then f has
a critical point u with Ce(f,u) # 0.

3. Applications

In this section, as applications of our abstract result, we consider the following
semilinear elliptic boundary value problem

{—Au:p(u), in Q,

3.1
u=0, on 082, (3-1)
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where Q € R” is a bounded open domain with smooth boundary Q2 andp: R — R
is a O''-function satisfying p(0) = 0, thus (3.1) admits a trivial solution u = 0. Our
main goal is to find nontrivial solutions for (3.1).

We are interested in the following case

Po = p/(o)a Poo = | lim p’(u),

u|—o0

that is, the problem (3.1) is asymptotically linear at both zero and infinity. Let
0 < A1 < A2 < A3 < --- be the distinct eigenvalues of (—A, H3(£2)), where Hg ()
is the well known Sobolev space with inner product

(u, v) :/Vqudac
Q

and corresponding norm |ul| = (u,u)/2. Of course, we will focus on the resonance
case: poo = A¢ is an eigenvalue of (—A, H}(Q)).

Let q(t) := p(t) —poot and Q(t) := fot q(s) ds be the primitive of g. Then we have
Theorem 3.1. Suppose pg < A\ < Poo = Mg, P'(t) < B < Apy1 for some € R. If

%am, as [t] — oo, (@

then (3.1) has at least four nontrivial solutions.

Proof. It suffices to find four nonzero critical points of the following functional
f:X=H}Q) — R,

fw) =5 [ (VaP = poi?)do— [ Qudo,

Obviously, f € C?(X,R).
Since pg < A1, the zero function 0 is a local minimizer of f, thus

Co(f,0) = 04,0G . (3.2)

Now we decompose X = X~ @ X T according to po, = As. More precisely, we set

4
X~ =@Pker(-A-)), XT=X")t= P ker(-A-N).
i=1 i>0+1

It has been shown in [14, Sec. 2] that (¢) implies that f satisfies the (P.S) condition,
and

f(u)—>—00, aSUEX_, ||U||—>OO,
flu) — 400, asue X', |lul| — cc.
Hence by [3, Proposition 3.8] we have Cy(f, 00) # 0, where k = dim X .
Since p'(t) < 8 < Agg1, for v € X~ and wy, we € X we have

(Vi +w) = Vf(v+ws),wr —wz) > mlws —ws?,
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where m = 1 — 3(Ap41) "% > 0. The details can be found in [4, Sec. 2]. Note that
Ci(f,00) # 0, by Theorem 1.1 we obtain

Cy(f,00) = 641G - (3.3)

By Corollary 2.2, we know that f has a critical point uq with Cy(f,u1) # 0.
Moreover, the condition p’(t) < 8 < Mgy implies that

(Morse index of f at uq) + (nullity of f at u1) < k.
Note that Ck(f,u1) # 0, Proposition 2.1 results
(Morse index of f at up) + (nullity of f at uy) =k
and
Colf,u1) = 6,6 (3.4

From (3.2) and (3.4), we know that uy # 0.

Since pp < A1 < Poo, by the mountain pass lemma and the truncated technique,
as in [6, 17], we obtain another two critical point u, u_ of mountain pass type,
with

Cq(f7u:|:) gaq,lg7 tug > 0.
Assume that 0, u1, u4 and u_ are the only critical points of f. Then the Morse
inequality (2.5) with ¢ = —1 becomes
(1) + (=)t x 2+ (=1)F = (=1)k.

This is impossible. Thus f must have at least one more critical point. So (3.1) has
at least four nontrivial solutions. O

Remark 3.1. For related results, see [4, 12]. It was assumed in [12] that ¢ is
bounded and satisfies the standard Landesman—Lazer condition; or for some a €
(0,1), ¢ satisfies

(¢1) Jer >0, such that |g(¢)] < er(1 + |¢|Y),
(@) 59 o0, a8 ] — oo,

see [12, Theorem 1.1] and [12, Theorem 1.2] respectively.
Our Theorem 3.1 does not require (g1). Moreover, if a > 1, our condition (g) is
weaker than (g2).

Similarly we have
Theorem 3.2. Suppose py < A\ < poo = Mg, P'(t) < B < Agy1 for some B € R. If

dm lg(t)t = 2Q(1)] = —oo. (4-)

then (3.1) has at least four nontrivial solutions.
In fact, it has been shown in [10, Lemma 3.5] that, (¢_) implies that f satisfies

the condition (C) and Cx(f,00) # 0. Obviously f satisfies (2.4) thus we can use
Corollary 2.1 to obtain (3.3).
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