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Abstract

We consider the p(x)-Laplacian equations in RN . The nonlinearity is superlinear but dose not satisfy
the Ambrosetti-Rabinowitz type condition. We obtain ground states of the equations, improving a recent
result of Fan [J. Math, Anal. Appl. 341 (2008), 103—119]. We also establish a Bartsch-Wang type compact
embedding theorem for variable exponent spaces. Then, a multiplicity result for the equations is proved for
odd nonlinearity.
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1. Introduction

In this paper, we consider the following p(x)-Laplacian equation in RY,

—div (|Vu[?®72Vu) + V(x) u[PO7u = f(x,u), inRY,

(1.1)
u € WHr@ RNy,

Here W12 (RN) is the variable exponent Sobolev space. For the sake of simplicity, we say
that g : RY — R is periodic if g(x + z) = g(x) for any x € RY and z € Z¥. We denote
a < b provided inf {b(x) —a(x) | x € RV } > (. Now, we make the following assumptions on
the functions p, V, and f.

(p) The function p : RY — R is Lipschitz continuous and

1l <p_:= inf p(x) < sup p(x)=: p+ <N. (1.2)
xeRN

xeRN

(V) Ve CRM),0< V. <Vy < +o00.
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(/1) f € C(RY xR) satisfies

JACTII N im T

= 1.3
|t|—o00 |t|q(x)—1 |t|—o00 |t|p+ (1.3)

uniformly in x € R, for some g € L®(R¥) such that p; <« g < p*, where
N t

ﬂ, F(x,t) =/ f(x,s)ds.

N — p(x) 0

(f2) f(x,t) =o(|t[P®~1) ast — 0, uniformly in x € RV,

(f3) There exists & > 1 such that 0F(x,t) > F(x,st) for (x,t) € R¥ xRands € [0, 1],
where F(x,t) = f(x,t)t — p4+ F(x,1).

The second limit in (1.3) is a consequence of

f(x, )t _

1im
|t|—o00 |I|p+

pr(x) =

For this reason, we say that our problem (1.1)) is superlinear. The condition ( f3) is originally due
to Jeanjean [15] in the case p(x) = 2, and then was used in Liu and Li [21] for p-Laplacian
equations in bounded domain. It is known that ( f3) is weaker than the condition that

f(x.0)

for each x € R,
o7+

is an increasing function of ¢ in R\ {0}, (1.4)

see Liu and Li [21, Proposition 2.3] for a proof; see also Jeanjean and Tanaka [16, Lemma 2.1]
for the case p(x) = 2.
By conditions ( f1) and ( f2), there exists a constant C > 0 such that

IF(x,0)| < C(>1tPP +[¢]”" ), (x,1) e R¥ xR,
Hence the energy functional ® : W1-?®)(RY) — R given by
1
d(u) = / - (|Vu|p(x) + V(x) |u|p(x)) dx —/ F(x,u)dx (1.5)
RV P (xX) RN
is well defined and of class C!. The derivative of ® is given by

(@) = [

RN

(|Vu|p(x)_2 Vu - Vo + V(x) [u]P®~2 uv) dx — / f(x,u)vdx (1.6)
RN

for v € WP (RN), Therefore, the critical points of ® are weak solutions of (1.1). Now we
are ready to state our first result.

Theorem 1.1. Suppose that the conditions (p), (V), (f1), (f2) and (f3) hold. If p, V are pe-
riodic, and f(-,t) is periodic for all t € R, then the problem (1.1) has a ground state, i.e. a
nontrivial solution v such that

®(v) = inf{CI)(u) ( ue WHPO RN\ (0}, & (u) = o}.
This theorem improves a recent result of Fan [9, Theorem 1.2]. In that paper, to obtain a

ground state, in addition to (p), (V), (f1), (f2) and the periodic assumption, the author assumed
the condition (1.4) and the well known Ambrosetti-Rabinowitz condition (see [1]), that is,

(AR) there exists B > p4 such that
0<pBF(x,t) < f(x,0)t, (x,1) e RY xR.
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In our Theorem (1.1 the condition (AR) is completely removed, and our assumption ( f3) is
weaker than the monotonicity condition (1.4).

Remark 1.2. Recently, for the case that p(x) is a constant p € (1, N), similar result has been
obtained in Liu [19, Theorem 1.1]. Although the present work is motivated by [19], which in turn
is influenced by [16, 21], the variable exponent case considered here is more difficult and more
delicate. For example, in Zang [27], where a superlinear p(x)-Laplacian equation on a bounded
domain © c RY is studied in the spirit of [21], to remove the condition (AR), the following
condition is required:

(F) There exists 6 > 1 such that for any A, u € [p—, p+] and s € [0, 1] there holds
OF(x,t) > F,(x,st), (x,1) € 2 xR,

where F(x,t) = f(x,t)t —AF(x,t).

Obviously, our condition ( f3) is weaker than (F) above. In the papers cited above, the main dif-
ficulty is that: due to the absence of the condition (AR), the variational functional ® may possess
unbounded (P.S') sequences. To overcome this difficulty, the Cerami sequences are employed.

Next, we assume that the potential V' satisfies the following condition:
(V1) Ve CRN), V_ >0, u(V~1(—00, M]) < +oo forall M € R.

Here y is the Lebesgue measure on R . Note thatif V € C (RN ,(0+ oo)) 1s coercive, namely

lim V(x) = +o0,

|x|—00

then (V1) is satisfied. The second result of this paper is the following theorem.

Theorem 1.3. Suppose that the conditions (p), (V1), (f1), (f2) and ( f3) hold. Then:

(1) the problem (1.1) has a nontrivial solution.
(i) ifin addition f isoddint, thatis f(x,—t) = —f(x,t) forall (x,t) € RY xR, then (1.1)
has a sequence of solutions {u,} such that ®(u, ) — +oo.

Remark 1.4. For more existence and multiplicity results on p(x)-Laplacian equation in RV, we
refer to Fan and Han [10]. In [10, Theorem 3.2], similar results are obtained for the case V(x) =
1, which is not included in our Theorem [1.3. They assumed that f satisfies the Ambrosetti-
Rabinowitz condition (AR) and that

[ fCe 01 <D bi(x) e 4O, (1.7)

i=1

where the weights b; lie in some suitable variable Lebesgue space, so that the functional ®
satisfies the (P.S) condition. Our condition (V7) also implies that ® satisfies some kind of com-
pactness condition, but here we do not require the Ambrosetti-Rabinowitz condition (AR) and
the growth condition (1.7).

The variable exponent variational problems appear in a lot of applications, see [18, 24]. In
recent years, such problems have attracted an increasing attention, we mention [3, 10], and also
the survey papers [4, 7, 25] for the advances and references in this area.
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2. Variable exponent Sobolev space

In this section we recall some results on variable exponent Sobolev spaces. The reader is
refered to [11, 13] and references therein for more details.
Let p € L°(RY), p_ > 1. The variable exponent Lebesgue space L?*) (RV) is defined by

LP®RN) = {u :RY >R

u 1S measurable and /

RN

/ ‘u’P(X)d -
RN )L = '

Then we define the variable exponent Sobolev space

lu|P™ dx < oo%
endowed with the norm

|U|p(x) = 1nf{)L >0

WIPORY) = fu e LPORY) ||Vu) € LPORY) |

with the norm
lully piey = Ul piey + VU] pe -
When V satisfies (V'), the norm
/ Vu
RN A

is equivalent to the norm |[|-|[; (). With these norms, the spaces LPX)(RN) and WhPX)(RN)
are separable reflexive Banach spaces, see [13] for the details.

Proposition 2.1. The functional ¥ : WP (RN) — R defined by

(1) =/ (|Vu|p(x)+V(x)|u|p(x)) dx, 2.2)
RN

p(x)

||u||:inf{)t>0

u |px)
V() ’X‘ dx < 1 2.1)

has the following properties:

() If ull = 1, then u]| "~ < yr(u) < |lu]”*.
(i) If lull < 1, then lul"* < y(u) < [Jull”~.

In particular, if |u|| = 1 then ¥ (u) = 1; moreover, || u,|| — 0 if and only if ¥ (u,) — O.
Remark 2.2. For the functional p : LP®(RV) — R,

U —> lu|P™ dx,
RN

we have similar results. For example, [up|, ) — 0 if and only if p(u,) — 0; and, as a conse-
quence of the corresponding (i) and (i1), we have

1/py 1/p—
|u|p<x>s(fRN|u|”(x’dx) +(/RN |ulp(’“)dx) . (2.3)

For p € L®°(RY) with p_ > 1, let p’ : R¥ — R be such that

1 -

P P

We have the following generalized Holder inequality.

1, ae. x € RV,
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Proposition 2.3 ([23, p.9]). Foranyu € LP®RYN), v e LP'®(RN), we have

/ uv dx
RN

Proposition 2.4 ([11, Theorems 1.1, 1.3]). Let p : RN — R be Lipschitz continuous and satisfy
(1.2), g : RY — R be a measurable function.

() If p < q < p*, then there is a continuous embedding W' P®)(RN) — [4C)(RN),
(i) If p < q < p*, then there is a compact embedding WP (RN) Lq(X)(RN).

loc

= 2 |u|p(x) |U|p/(x) . (24)

We also need the following variable exponent generalization of the Lions Lemma [26, Lemma
I.1]. For r > 0 and y € RY we denote by B, (y) the open ball in R" with center y and radius r.

Proposition 2.5 ([14, Lemma 3.1]). Suppose p : RNV — R is Lipschitz continuous and satisfies
(1.2). If {un} is a bounded sequence in WP (RN such that

lim sup/ un|P® dx = 0
Br(y)

n—)ooyeRN
for some r > 0, then up, — 0 in LI (RN) for any ¢ € C(RN, R) satisfying p < q < p*.

Next, we consider the case that V' satisfies (V7). On the linear subspace

/ (|Vu|p(x) + V(x) |u|p(x)) dx < -I—OO} ,
RN

[ (5 vl eesaf

Then (E, ||-||,) is continuously embedded into W™ (R¥) as a closed subspace. Therefore,
(E, ||Il;) is also a separable reflexive Banach space. It is easy to see that with the norm ||-||;,
Proposition 2.1/ remains valid.

Lemma 2.6. If V satisfies (V1), then

(i) we have a compact embedding E < LP™® (RN)

(ii) for any measurable function ¢ : RN — R with p < q < p*, we have a compact
embedding E — L1™)(RN).

E = {u e WP (RN)

we equip with the norm

p(x)

lull; = inf%)& >0

Remark 2.77. The case p(x) = 2is due to Bartsch and Wang [6]. We will adapt their idea to prove
the above lemma. For the case that V' is coercive, a similar result involving variable exponent can
be found in Alves [2]

Proof of Lemma 2.6, (i) Assume u, — 0 in E. We will show that u,, — 0 in L?*)(R"). For
this purpose, since by Proposition 2.4/ (ii) we have a compact embedding £ — Lf;gx)(RN ), we
only need to show that for any ¢ > 0, there exists R > 0 such that

/ un|P9 dx < e, forallnm =1,2,---.
lx|>=R
Note that sup,, ||u,||; < +o00. Given ¢ > 0, set

2 _
M == sup (Jun 7 + lunllf™).
n
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Choose a number s € (1, N_Lp_) arbitrarily, then p(x) < sp(x) < p*(x). By Proposition 2.4,
there is a constant C > 0 such that

1/s
(/ |un|s”(")dx) <C. 2.5)
RN

By assumption (1), we may choose R large enough such that

% ({x € RN’ x| > R, V(x) < M}) < ( € )S/(s—l)

20
Denote
A:{xeRN’ |x|2R,V(x)zM}, B:{xeRN‘ |x|2R,V(x)<M}.

Then using the ||-||; version of Proposition 2.1, we have

v
/ |un|17(x) dx < / % |un|p(x) dx
A A

1
a7 | (a7 V) )
RN

A

< (™ + ) < 2.6)
On the other hand, by Holder inequality and (2.5), we have
/s (s—1)/s
f 10y [P dx < (/ 10,77 dx) (/ dx)
B B B
< C[u(B) TV < 2 @7

— 2 .
It follows from (2.6) and (2.7) that

/ |un|p(x)dx:(/+/)|un|p(x)dx§8,
|x|>=R A B

from which conclusion (i) of the lemma follows.
(i1) To prove the lemma for general exponent g, we use an interpolation argument. Let u, — 0
in E, we have just proved that u, — 0in L?*) (RV). That is

/ un|P™ dx — 0. (2.8)
RN

Moreover, because the embedding E <> L? ®)(RN) is continuous and {u,} is bounded in E,

we also have

sup/ un|?” ®dx < oo. (2.9)
RN

n

Since p < g < p*, there exists A : RY — (0, 1) such that

1 Ax)  1—A(x) N
= -+ , ae. x € RY.
qg(x) px)  p*(x)
Then, for x € RY we have
p(x) . p*(x)

s(x) -

= m > 1, t(x)

= 1
g1 —A(x)
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Using Proposition 2.3/ and (2.3), as well as (2.8) and (2.9), we deduce

/ 10, |7 dx :/ 11 [P gy 1P/ gy 2)|un|1’/~‘
RN RN s(x)

1/s4 1/s—
§2<( | ual?® dx) T ( | ual?® dx) )
RN RN
. 1/t4 . 1/t—
x((/ lun|? (x)dx) —I—(/ |un|? (x)dx) )—>O.
RN RN

This implies u, — 0in L¢®)(RY), and the proof of conclusion (ii) is complete. O

[

t(x)

3. Boundedness of Cerami sequences

For simplicity, from now on we denote X = W1LP®)(RN). Under our assumptions, it is
known that ® € C!(X,R), with derivative given by (1.6). We recall that u € X is a (weak)
solution of (1.1), if for any ¢ € C$°(RY) we have

/ (|Vu|1”(’”—2 Vi -V + V(x) |u|P®2 u¢) dx — / feowpdr=0. (3.1)
RN RN

Since C(§’°(RN) C X, compare (3.1) with (1.6) we see that critical points of ® € C!(X,R)
are weak solutions of (1.1). Thus to find solutions of (1.1) we only need to find critical points
of ® € C!(X,R). Similarly, if we consider ® as a C!-functional on E, then critical points of
® e C!(E, R) are also solutions of (1.1).

Recall that for ¢ € R, a sequence {u,} C X is called a Cerami sequence of ® at the level c, a
(C). sequence for short, if

P(un) »c, (1 + [[unl)® (un) — 0.
Note that under our assumptions we have

F(x,t) >0, forall (x,r) € RY xR, (3.2)
see [19, eq (2.6)] for the details.

Lemma 3.1. Suppose that (p), (V), (f1), (f2) and (f3) hold, p, V are periodic, and f(-,t) is
periodic forallt € R. If ¢ € R, then any (C). sequence of ® is bounded.

Proof. Assume that ® has an unbounded (C). sequence, {u,}. Up to a subsequence we may
assume that

d(u,) — c, |un| — oo, (® (un), u,) — 0.
Thus
1 1 p(x) p(x) 1
- (|Vu| F V) [ul )dx b — | F(x,up)dx
rv \p(x)  p+ P+ JRN

1
= O(up) — —(P'(un), un) — c. (3.3)

P+

Let v, = ||Jun|| " un, then {v,} is bounded in X . We claim that
lim sup / un |P® dx = 0. (3.4)
n—=00 ,eRN J B2 (»)
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Otherwise, up to a subsequence we can choose § > 0 and {z,,} C RY such that

/ o7 e = S,
B> (zn) 2

Since the number of points in Z¥ N By (z,) is less than 4V, there exists y, € Z¥ N B,(z,) such

that
)

0|7 dx > k= > 0.
/Bz(yn) " 2x 4N

Let U, = v, (- + yn), then {U,} is bounded in X. Passing to a subsequence we have

Oy —> 0 inLPYRN),  §,(x) > 0(x) ae xeRV

[ 15,79 dx = / 10a [P dx > k > 0,
B>(0) B>(yn)

we see that v # 0. Let ti, = |un| Un. If v(x) # 0 we have |u,(x)| — 4o00. Using (1.3) we
obtain

Since

F(x,1n(x))
it () |7+

Note that F'(x, t) is periodic with respect to x, we have

/ F(x,u,,)dx:/ F(x,up,)dx.
RN RN

Since the set ® = {x € RN‘ v(x) # O} has positive Lebesgue measure and ||u,| > 1 for n
large, using (3.2), (3.5), Proposition 2.1/ and the Fatou Lemma we have

1 1
Pl [R (1979 4 V@) a7 e
- - n

1 1
= /RN 1) (|Vun|p(x) + V(x) Iunlp(x)) dox
n

1
— I (CID(u,,) + /RN F(x,u,,)dx)

1 F(x, i
/ F(x,un)dx—1:/ Fleitn) gy
RN

U (x)|PF — +00. (3.5)

Z V4 14
”un” + RN ”un” +
F(x,uy,) .
> / fu ) Zf) |87+ dx = 1 — Fo00. (3.6)
50 |Un|

This is impossible. Hence (3.4) is true. Applying Proposition 2.5 we see that
vp =0 in LI9(RN) (3.7)

for the function g from assumption ( f;). We shall derive a contradiction as follow.
Given a real number > 1, by ( f1) and ( f2), for any & > 0, there exists C, > 0 such that

|Fx.rn)| < elt]?™ + Co 11109 (3.8)

Since ||v, || = 1, by Proposition 2.4, there exists a constant C; > 0 such that

/ v |P9) dx < €.
RN
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Hence, by (3.7), (3.8)), and Remark 2.2, we deduce

lim |F(x,rv,)|dx < lim {8/ v [P dx—|—C8/ vy, |1 dx} <eCy.
n—oo fpN n—00 RN RN
Now let ¢ — 0, we obtain

lim F(x,rv,)dx = 0. (3.9

n—>o0 RN

As in [15, 28], we choose a sequence {¢,,} C [0, 1] such that

O(thuy) = trel}g-)i] O(tuy).

For any m > 1, we have r = (2mp+)1/p‘ > 1. For n large we have |Ju,||~' r € (0, 1). Since
|lva || = 1, by Proposition 2.1/ we see that

/ (|an|p(x) + V(x) |vn|p(x)) dx = 1.
RN

Hence, for n large enough, (3.9) gives

’ un) = ®(rvn)

24

O(thuy) > CD(

pP )
— / (|an|p(x) + V(x) |vn|p(x)) dx —/ F(x,rv,)dx
RV P(X) RN
p_
> r’T —/N F(x,rv,)dx > m.
+ R

That is ®(t,u,) — +00. But &(0) = 0, ®(u,) — c, we see thatz, € (0, 1) and

d(tuy,) = 0.

tztn

d
<¢/(tnun),tnun> = tn -
Now using (3.3) and ( f3) we obtain

lCI)(l‘nun) = l (q)(tnun) - L(cI),(l‘nun)’ tnun))
6 0 P+

1 1 1 F(x,t
< / (_ _ _) é)(x) (|Vun|l7(x) + V(x) |un|P(x)) dx + f (x, tyun) dx
RN p(X) P+ P+ JRN o)

1 1 1
< / (— — —) (1IVual?® + V) [un 7P ) dx + — | Flxup)dx > .
RN p(.X) P+ P+ JRN
This contradicts with ®(,u,) — +o00. Therefore we have proved that {u,} is bounded. U

4. Proof of Theorem 1.1

To prove Theorem 1.1 we will apply a mountain pass type argument to find nonzero critical
point of & € C 1 (X, R). Firstly, we need the following result, which is contained in [9, Lemma
3.1].

Proposition 4.1. Suppose that (p), (V), (f1) and ( f2) hold, and {u, } is a sequence in X such
that u, — u in X, and ®' (u,) — 0. Then ®'(u) = 0.
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Lemma 4.2. There existr > 0 and € > 0 such that 0 < |\u|| < r implies
Ou) = ellull”*, (D), u) = e ful"". (4.1)

Proof. Firstly we have
/RN (|vu|f’(x) + (V(x) . %) |u|1’(x>) dx > %/RN (|Vu|p(x) T V(x) |u|l’(x)) dx. (4.2)
By (f1) and ( f2), there exists C > 0 such that
|F(x,1)| < 2% 1P + C 1199, (x,1) e RY xR. (4.3)
Therefore, using (4.2), if ||u|| < 1 we have

1 V-
d(u) > / (|Vu|p(x) + V(x) |u|p(x)) dx — _/ |u|p(x) dx — C / |u|q(x) dx
P+ JRN 2p+ RN RN

1
> — (|Vu|p(x) + V(x) |u|p(x)) dx — C / |7 dx
2p+ Jrw RN
1
> — [lul|P* — Cy fJul?~.
2p+
Since p+ < ¢ implies p4 < ¢—, the result for ®(u) follows. The desired result for (®'(u), u)
follows similarly. 0

Using (1.3), it is easy to see that for any u # 0, we have ®(tu) — —o0. The following lemma
is a consequence of this fact and Lemma 4.2.

Lemma 4.3. There existr > 0 and e € X such that ||e|| > r and
b := inf d(u) > (0) =0 > P(e). (4.4)

lull=r
Proof of Theorem [.1. By Lemma 4.3 we see that ® has a mountain pass geometry. That is,
I'={y € C([0, 1], X)| y(0) = 0 and ®(y(0)) < 0} # 2.
By a special version of the Mountain Pass Lemma (see [8]), for the mountain pass level

¢ = inf max ®P(y(¢)) > 0, 4.5)
y€erl t€[0,1]

there exists a (C). sequence {u,} for ®, which is bounded in X via Lemma 3.1.
Let

8§ = lim sup/ 1 | dix.
B> (y)

n—0o0 yERN

If § = 0, using Proposition 2.5, similar to (3.9) we have

lim F(x,u,)dx =0, lim f(x,uy)u, dx = 0. (4.6)
N

n—>oo RN n—oo R

Since (®'(u,), u,) — 0 and

[ (9017 4 V) 1l 7) = (@ )ta) + [ F ot .
RN RN

we deduce that
[ (917 4 V) ) = 0.
RN
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By Proposition 2.1, ||u,| — 0 and consequently ®(u,) — 0, a contradiction with ®(u,) —
c>0.

Hence § > 0. As in the proof of Lemma 3.1, we can choose a sequence {y,} C ZV such that
setting v, = un(- + yn), we have v, — v # 0in X. By the ZN invariance of the problem,
{v,} is also a (C), sequence of ®. Using Proposition 4.1, we see that ®’'(v) = 0. Namely, v is a
nontrivial solution of (1.1).

Now we will follow the approach of [17] to show that (1.1) has a ground state. Let us denote

C={ueX\{0}| ) =0}, m= inf P(u).

ueC

Since ( f3) implies that F(x,t) > 0, for any u € C we have

B(u) = D) — —— (@' (u). u)
P+

1 1 1

:/ (———) (|Vu|p(x)—|—V(x)|u|p(x)) dx + — F(x,u)dx
RV \p(x)  py P+ JRN

1

> — F(x,uy)dx > 0.
P+ JRN

Therefore m > 0. Let {u, } C C be such that ®(u,) — m. Since ®'(u,) = 0, by Lemma 4.2 we
have
[unll = r. 4.7)

Obviously {u,} is a (C),, sequence of ®, by Lemma 3.1/ we see that {u, } is bounded. As before,
we denote

§ = lim sup/ 1 |P® dx.
B>(y)

n—0o0 yGRN

If § = 0, similar to (4.6) we have

lim f(x,up)u,dx = 0.

n—>oo RN

Thus
/ (|Vun|p(x) + V(x) |un|p(x)) dx = (D' (un), u,) + / f(x,un)u, dx — 0.
RN RN

By Proposition 2.1, we see that ||u,|| — 0, a contradiction with (4.7).
Therefore, § > 0. By the ZV invariance of ®, a suitable translation of {u,}, denoted by {v,}
satisfies
(@' (vp), vy) — 0, ®(v,) — m,
and {v, } converges weakly to some v # 0, a nonzero critical point of ®. By the Fatou’s Lemma
we have

/ F(x,v)dx < lim F(x,vy,)dx. (4.8)
RN

n—oo JRN

Note that p_ > 1, it is easy to see that the continuous functional ¢ : X — R,

— L _ L r(x) p(x)
o(u) = /RN (p(x) p+) (IVuI + V(x) |ul )dx,

is convex. Using [22, Theorem 1.2], we know that ¢ is weakly lower semi-continuous. Thus

() < lim ¢(vy). (4.9)

n—oo
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By (4.8) and (4.9), we have

d(v) = ®(v) — L(CID’(U), v) = @(v) + 1 F(x,v)dx
P+ P+ JRN

< lim (w(vn)+ L f(x,v)dx)

n—00 P+ JRN
= lim ®(v,) =m.
n—o0
Therefore, v is a nonzero critical point of ® with ®(v) = m. Theorem 1.1 is proved. U]

5. Proof of Theorem 1.3

In our proof of Theorem (1.3 we will consider ® as a functional on (E, ||-||;). We say that an
operator L : E — E* is of (S4) type if u,, — u and

n@o(L(un) — L(u),up —u) <0

imply u,, - uin E.

Lemma 5.1. Suppose that (p), (V1), (f1), (f2) and (f3) hold, then ® satisfies the Cerami
condition (C). Namely, for all ¢ € R, any (C). sequence of ® has a convergent subsequence.

Proof. Let {u,} C E be a (C), sequence of ®. According to Lemma 2.6, the embeddings
E — LP®RN)and E — LI®(RY) are compact. With this in mind, modifying the proof of
Lemma 3.1 slightly, we deduce that {u,} is bounded in E. Up to a subsequence we may assume
that u,, — u in E and

up > u  in LIORY). (5.1)
By the boundedness of {u,} in L?*)(RY), we have

A = sup/ 1 |P® dx < oo. (5.2)
n JRN

Using (2.3) and the Holder inequality (2.4) we also have

/ a7 k= 2ty [P0
RN

o Mlre

1P () Ph _
< 2[ul () ((/ ‘|un|p(x) 1) dx) 4 (/ ‘|un|p(x) 1
RN RN
j j
_ P gy ) p()
=2 |u|p(x) |un| X + |un| dx .
RN RN

Applying (5.2), we deduce

p'(x) )p/)
dx

Az = sup/ 1 | PP udx < oo.
n JRN
Similarly,

n

Ay = sup/ Py, dx < oco.
RN
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Now, we adapt the argument in the proof of [26, Lemma 3.11]. For any ¢ > 0, choose C; > 0
such that

1 F (e, )] < elt]PO 4 C 11797, all(x,1) e RY x R.

Then using (2.4) again we have
| () = £, =) dx
< / [8 (lun|17(x)—1 + |u|p(x)—1) +C, (|un|11(x)—1 + |u|(1(x)—1)] lup — u| dx
RN

: / (1017 7 4 PO ]+ [P0 ) dx
R

+ C, (/F;N |un|q(x)_1 |up —u| dx + /RN |u|q(x)_1 |y — u| dx)
< (Al + Az + As + / Jul 7™ dx) €
RN

+2C, (sup [ |70
n

+ ‘|u|q(x)—1
q’(x)

q/(x)) |7/ln — T/l|q(x) . (53)

Since {u,} is bounded in LI®(R¥), it follows that {|un|q(x)_1} is bounded in L4 ®)(RM).

That is
|61(x)—1
n

|u < o0

su
np q’(x)

Therefore we can deduce from (5.1) and (5.3) that

| () = £ )ty =) dx = .
Note that ®'(u,) — 0, we have
(0 1) = 9 (0), ey — 10) = (D at) — D' 01), 2 — 1)
+ [ ) = £ )ty =) dx 0.

Since ' is of (S ) type ([12, Theorem 3.1]), we obtain u,, — u in E. The proof is complete. []

To prove Theorem 1.3/ we need the Fountain Theorem of Bartsch [5, Theorem 2.5], see also
[26, Theorem 3.6].

Let X be areflexive and separable Banach space. It is well known that there exist {v, },cn C X
and {¢n},cny C X ™ such that

() (@n,vm) = 8n,m, where 8y = 1 forn = m and 6,,n = 0 forn # m.
(ii) span{v,; n € N} = X, Spaﬂw* {on; n € N} = X™.

Let X; = Rvj, then X = @ ,., X,;. Now we define

Jj=1
. -
Y = @j=1 X;, Zp = @jzk X;. (5.4)

Then we have the following Fountain Theorem.

Theorem 5.2 (Fountain Theorem). Assume that ® € C'(X, R) satisfies the Cerami condition
(C), ®(—u) = ®(u). If for almost every k € N, there exist pp > rr > 0 such that
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(1) by = inf ®d(u) - 400, as k — oo,
ueZy,|lull=rg
(i) ar = max  P(u) <0,

ueYy,llull=px

then ® has a sequence of critical points {uy } such that ®(uy) — +oo.

Remark 5.3. In [5, 26], the Fountain Theorem is proved assuming that & satisfies the Palais-
Smale (P.S) condition. Since the Deformation Theorem is still valid under the Cerami condition,
we see that like many critical point theorems, the Fountain Theorem is true under the Cerami
condition.

Proof of Theorem1.3. Since & satisfies the Cerami condition (C) and has the mountain pass
geometry, using the Mountain Pass Lemma, the conclusion (i) of the theorem follows readily.

To prove conclusion (i), for the reflexive and separable Banach space E, define Y; and Zj as
in (5.4). We know that @ satisfies the condition (C), and ®(—u) = ®(u). So to prove Theorem
1.3/ (1), it remains to verify the conditions (i) and (i1) of Theorem 35.2.

Verification of (i). Consider the functional ¥ : E — R,

U(u) = / |9 dx.
RN
Since the embedding E < L™ (RN) is compact, it is easy to show that W is weakly continu-

ous, namely u, — u implies ¥(u,) — W(u). Hence using [10, Lemma 3.3] we have

Br = sup |W(u)| — 0, as k — oo.

UEZy,llull;=1

By the above definition of S, for u € Z; with ||u||; > 1, we have

[ 1l ax < g 5.5

Choose a constant C > 0 satisfying (4.3), then consider the real function  : R — R,

1
n(r) = 5—r? = Cprit.
2py

Using elementary calculus, it is easy to see that 7 attains its maximum value at
(2Cp+q+ﬂk ) Y=
e =— :
P—

The maximum value

1 2Cp+q+Pr p—/(p——q+) 2Cp+q+Br q+/(P——q+)
n(re) = —2p4Chi | ———
2py P- -
p—/(p——q+) q+/(p——4+)
= L (2p+C,Bk)p—/(p—_q+) (q_+) - . (Q_+) * *
2py P- P-
p—/(p—=q+)
— o (2p+Cﬂk)P—/(p——q+) (q_+) (1 _ p_—) .
2py P- q+

Since p— < g4+ and B — 0, we see that

n(ry) - +oo, as k — oo. (5.6)
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We also have ry — oo. Foru € Zy, ||\u|l; = r«, using (4.3), (4.2) and (5.5) we deduce

1
D) = o (|vu|l’<x) + V(x) |u|P(x)) dx —C / 7 dx
P+ JRN RN

1
> iy = Chic lulli™ = n(re)
P+

Using (5.6), it readily follows that
by = inf d(u) — +o0.

ueZy llully=rg
Verification of (ii). The most simple method for this purpose is the following indirect argument,
which does not require that F(x, ¢) grows faster than |z|* for some u > p.
Assume that (ii) of Theorem 5.2 does not hold for some given k. Then there exists a sequence
{un} C Y such that

lunlly = 00, P(un) = 0. (5.7)
Let v, = ||un ||1_1 Uy, then ||v,||; = 1. Since dim Yz < oo, there exists v € Y\ {0} such that up
to a subsequence,
|lve — vl = O, Un(x) = v(x) ae.x € RV,

If v(x) # O then |u,(x)| — oo. Consequently, by (1.3) we have
F(x, un(x))

|1 ()| PF
Similar to (3.6), using (3.2), (5.8) and applying the Fatou Lemma, we obtain

F(x,u F(x,u
/ (—pi)dx:/ (—pf)lvnV’* dx — +oo.
RV lunlly RV [un]

[V (x)|PF — +00. (5.8)

We may assume that ||u,||; > 1, so

1
@W@s——ww?—/'Fuwaw
D RN

1 F(x,
= el (1= [ ) - s,
- SN

a contradiction with (5.7). L]
6. Some remarks on bounded domain problems

The arguments used in this paper can also be applied to study the existence and multiplicity
of solutions for some problems involving the p(x)-Laplacian operator in bounded domain. More
precisely, we can consider quasilinear problems like

—div (|Vu|p(x)_2Vu) = f(x,u), in €,
u =0, on 0%2.

(6.1)

where Q is a bounded domain in RY with smooth boundary 92 and f is a function verifying:

(f¥) f €C@xR.R),|f(x.0)] < Ci(1 + [t]2®) for some p < g < p*.
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. F(x,1)
* 1 =
() Him s

(f5") There exist & > 1 and C, > 0 such that 0F (x,t) > F(x,st) — Cp, s € [0, 1]. where
f(x’t) - f(x’t)t _p—}-F(X,t)-
Note that according to [20, Lemma 2.3], (£,*) is weaker than

J(x,1)

1| P+ 1
Therefore the condition ( f,") is rather weak. Our main result is the following theorem.
Theorem 6.1. Assume (f+), (f{*) and (f,").

@) If f(x,1) = o(|t]PP ™YY as 1 — 0, then (6.1) has a nontrivial solution.
(i) If f(x,t) is odd in t and there exists A > O such that

F(x,t) > —A |t|PT, (x,1) € QxR (6.2)

(f5) there exists R > 0 such that is increasing in ¢ for |¢| > R.

then (6.1) has a sequence of solutions {uy} such that ®(u,) — +oo.

Remark 6.2. (i) Because of ( f*), actually (6.2) is a local assumption near ¢ = 0.
(i) The case that p(x) is a constant p € (1, N) has been considered in Liu [20].
(iii) The case that f(x,t) satisfies Ambrosetti-Rabinowitz type condition (AR) has been stud-
ied by Fan and Zhang [12, Theorems 4.7 and 4.8]
(iv) Toremoved (AR), Zang [27] required the condition (F) mentioned in Section 1. Obviously
the condition (F) is much stronger than our condition (f;").

To prove Theorem 6.1, we denote by W, "*(Q) the closure of CS°(R) in W -P@(RN). As
before, it suffices to find critical points of the C !-functional ® : Wol’p (x)(Q) — R,

Y O e L P
@(u)_/;zp(x) |Vu| dx /;ZF(x,u)dx.

Since €2 is bounded, as a consequence of Proposition 2.4 (ii) we have a compact embedding

Wol’p x) (Q) — LI™)(Q). Using this compact embedding, we may adapt the argument in the
proof of Lemmas 3.1/and 5.1 to show that @ satisfies the Cerami condition (C). Note that since
(3.2) is no longer true under our weaker condition ( f,*), to obtain a conclusion similar to (3.6)
we need (6.2). Then the Mountain Pass Lemma and the Fountain Theorem can be employed to
prove Theorem 6.1 (1) and (i1), respectively. We omit the details.
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