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1. Morse theory

Let X be a Hilbert space, f € C1(X, R) satisfies (PS). If u is an
isolated critical point of f, f(u) = ¢, then

Cq(f, u) := Hq(fc, fc\ {ul), q=0,1,---;

fe = f~1(—oo, c]. If the critical values of f are greater than qa,
then
Cq(f, @) :=Hq(X,fa), q=0,1,---
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1. Morse theory

Let X be a Hilbert space, f € C1(X, R) satisfies (PS). If u is an
isolated critical point of f, f(u) = ¢, then

Cq(f, u) := Hq(fc, fc\ {ul), q=0,1,---;

fe = f~1(—oo, c]. If the critical values of f are greater than qa,
then
Cq(f, @) :=Hq(X,fa), q=0,1,---

We have the Morse inequalities

Mg—M1+---+(—1)IMo>Bg—PB1+---+(—1)9Bo, VgeN
MO—M1+°“+(—1)qu+"°=BO—31+‘"+(—1)qﬁq+“': (1)

where Mq = Z rankCq(f, u),  Bg =rankCq(f, o).
f(w)=0
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Pro 1. Suppose f € C1(X, R) satisfies (PS). If for some k € N:

(i) Ck(f, o0) #0, then f has critical point u with C¢(f, u) # 0.
(ii) Ck(f, ) # Ck(f, 0), then f has a nonzero critical point.
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Pro 1. Suppose f € C1(X, R) satisfies (PS). If for some k € N:

(i) Ck(f, o0) #0, then f has critical point u with C¢(f, u) # 0.
(ii) Ck(f, ) # Ck(f, 0), then f has a nonzero critical point.
Pro 2. Let fe CL(X,R), X=X"@® X", k=dimX~ <o, p> 0. If

f(u)<0, uex-, |ull<p,
f(u)=>0, uext, |ull<p,

then Ck(f, 0) # 0.
If f € C?(X, R), in most appl we have Cq(f, 0) = 54« G.

local linking

3/23 7th AIMS Conf 2008 S.B. Liu



- _________________________________________________________________________
Pro 1. Suppose f € C1(X, R) satisfies (PS). If for some k € N:

(i) Ck(f, o0) #0, then f has critical point u with C¢(f, u) # 0.
(ii) Ck(f, ) # Ck(f, 0), then f has a nonzero critical point.
Pro 2. Let fe CL(X,R), X=X"@® X", k=dimX~ <o, p> 0. If

f(u)<0, uex-, |ull<p,
f(u)=>0, uext, |ull<p,

then Ck(f, 0) # 0.
If f € C?(X, R), in most appl we have Cq(f, 0) = 54« G.

Pro 3. Let f € C1(X, R) satisfies (PS), X =X~"@&Xt, k =dimX~ <
oo, If f is bounded from below on X* and

local linking

f(u)—» -0, asueX”, |lu]| = oo,
then Ci(f, o) # 0.



2. L-S reduction and critical groups

Pro 4. Let X be a Hilbert space, X* closed subspaces such that
X=X"e&X*t. Iff e CL(X,R) and k > 0 such that

+ (VA(V+w1) = VA(V+ w2), w1 = w2) 2 Kllwi = wall*  (Ex)
for ve X~ and wi, wy € Xt. Then, thereis § : X~ — XT,
(i) If (E+) holds, then
o(v) :=f(v+¢(v))
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2. L-S reduction and critical groups

Pro 4. Let X be a Hilbert space, X* closed subspaces such that
X=X"e&X*t. Iff e CL(X,R) and k > 0 such that

+ (VA(V+w1) = VF(v+ w2), w1 — w2) 2 kllwi —wal®  (Ex)
for ve X~ and wi, wy € Xt. Then, thereis § : X~ — XT,
(i) If (E+) holds, then

PE) =Y R PV = T A0 < W
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2. L-S reduction and critical groups

Pro 4. Let X be a Hilbert space, X* closed subspaces such that
X=X"e&X*t. Iff e CL(X,R) and k > 0 such that
+(VA(v+ w1) = V(v +w2), w1 — w2) 2 k[lwy — wall®>  (Ex)
for ve X~ and wi, wy € Xt. Then, thereis § : X~ — XT,
(i) If (E+) holds, then
o(v):=f(v+yY(v)) = min f(v+ w).
wexX+t

(ii) If (E-) holds, then
o(v):=f(v+yY(v)) = maxf(v+ w).
wext
Moreover, ¢ € C1(X~,R),

v € X~ is a critical point of ¢ iff v+ y(Vv) is a critical point of f.
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In [Liu-Li, 03], we showed that: Suppose X =X~ & X*,

Thm 5. (i) If (VF(v+w1)=VF(v+w2), w1—w2) >k [|lw1—wa]?,
then Cq(f, 00) = Cq(@, ), g=0,1,---. (2)

Moreover, if k =dim X~ < o0 and Ci(f, ) # 0, then

~ G, g=k,
Cq(f,oo)=6q,kG:={ 0, g#Kk.
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In [Liu-Li, 03], we showed that: Suppose X =X~ & X*,

Thm 5. (i) If (VF(v+w1)=VF(v+w2), w1—w2) >k [|lw1—wa]?,

then Cq(f, 00) = Cq(@, ), g=0,1,---. (2)
Moreover, if k =dim X~ < o0 and Ci(f, ) # 0, then

~ G, g=k,
Cq(f,oo)=6q,kG:={ 0, g#Kk.

(i) If (E-) holds and j = dim X* < oo, then
Cq(f' OO)ECQ—]((pI OO), q=0, [ELEE
If in addition Cj(f, o) # 0, then Cq(f, ) = é4,;G.

5/23 7th AIMS Conf 2008 S.B. Liu



- _________________________________________________________________________
In [Liu-Li, 03], we showed that: Suppose X =X~ & X*,

Thm 5. (i) If (VF(v+w1)=VF(v+w2), w1—w2) >k [|lw1—wa]?,

then Cq(f, 00) = Cq(@, ), g=0,1,---. (2)
Moreover, if k =dim X~ < o0 and Ci(f, ) # 0, then

~ G, g=k,
Cq(f,oo)=6q,kG:={ 0, g#Kk.

(i) If (E-) holds and j = dim X* < oo, then
Cq(f,©)=Cq-j(p, ), q=0,1,---.
If in addition Cj(f, o) # 0, then Cq(f, ) = é4,;G.
Lem 6. Let ¢ € C1(RK, R) satisfies (PS). Then
Co(@,0)#0
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In [Liu-Li, 03], we showed that: Suppose X =X~ & X*,

Thm 5. (i) If (VF(v+w1)=VF(v+w2), w1—w2) >k [|lw1—wa]?,

then Cq(f, 00) = Cq(@, ), g=0,1,---. (2)
Moreover, if k =dim X~ < o0 and Ci(f, ) # 0, then

~ G, g=k,
Cq(f,oo)=6q,kG:={ 0, g#Kk.

(i) If (E-) holds and j = dim X* < oo, then
Cq(f, ©)=Cqy-j(p,©), g=0,1,---.
If in addition Cj(f, o) # 0, then Cq(f, ) = é4,;G.
Lem 6. Let ¢ € C1(RK, R) satisfies (PS). Then
Co(p, ) #0 = Cq(@, ) = 64,0G,
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In [Liu-Li, 03], we showed that: Suppose X =X~ & X*,

Thm 5. (i) If (VF(v+w1)=VF(v+w2), w1—w2) >k [|lw1—wa]?,

then Cq(f, 00) = Cq(@, ), g=0,1,---. (2)
Moreover, if k =dim X~ < o0 and Ci(f, ) # 0, then
(i) If (E-) holds and j = dim X* < oo, then
Cq(f,©)=Cq-j(@,©), g=0,1,---.
If in addition Cj(f, o) # 0, then Cq(f, ) = é4,;G.
Lem 6. Let ¢ € C1(RK, R) satisfies (PS). Then

Co(@, ®) # 0= Cq(@, ) = 64,0G,
Ck(@, ) # 0 = Cq(@, ) = 64,kG.
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Consider the ellitptic BVP

—Au=p(x,u), inQ, (3)
u=0, on 0Q.
. pxt)
Here p € C(Q x R, R), Itlllm : =A. (4)

The solutions of (3) are critical points of f : X = Hé(Q) — R,

f(uw) = EJ |Vu|2dx—J P(x, u)dx .
2 Ja Q
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Consider the ellitptic BVP

—Au=p(x,u), inQ, (3)
u=0, on 0Q.
. pxt)
Here p € C(Q x R, R), Itlllm : =A. (4)

The solutions of (3) are critical points of f : X = Hé(Q) — R,

f(uw) = EJ |Vu|2dx—J P(x, u)dx .
2 Ja Q

A € (Ap-1, Ag) then Ck(f, 0) = 64,4-1G.
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Consider the ellitptic BVP

—Au=p(x,u), inQ, (3)
u=0, onh 9Q.
p(x, t)
Here p € C(Q x R, R), I m ; =\ (4)

The solutions of (3) are critical points of f : X = Hé(Q) — R,

f(uw) = EJ |Vu|2dx—J P(x, u)dx .
2 Ja Q

A € (Ap-1, Ag) then Ck(f, 0) = 64,4-1G.
A =)y, if forsome a € [0, 1),

A
X, t) = At] < C(L+]t]%), lim P(x, t) — —t2 +o00,
Ip(x, t) = Agt] < C(1 + |t]7) i Hzg(( ) 2)
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Consider the ellitptic BVP

—Au=p(x,u), inQ, (3)
u=0, on 0Q.
. pxt)
Here p € C(Q x R, R), Itlllm : =A. (4)

The solutions of (3) are critical points of f : X = Hé(Q) — R,

f(uw) = EJ |Vu|2dx—J P(x, u)dx .
2 Ja Q

A € (Ap-1, Ag) then Ck(f, 0) = 64,4-1G.
A =)y, if forsome a € [0, 1),

Ip(x, £) = Agt] < C(1 +1t%),  lim —
|t —o0 |£|2%

A
(P(x, t) - ?"t2) —

then Ci(f, o) = 64,,G for '+,
Ck(f, ©) = 64,4-1G for ‘=’, see [Li-Liu, 991.
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In what follows we do not require (4).
(p+) there exist €, R > 0 such that for |t| > R,

p(x, t) 1 As
A < < Ai41—6, lim — [ P(x, t) = 222 | = +o0.
1S S T Te] (x, t) >
(p-) there exist €, R > 0 such that for |[t| = R,
p(x, t) 1 As
A—1+€ < <A, lim — [ P(x, t) — Z2t2 —c0,
-1 ; ] A T (x, t) >
7/23
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=S
In what follows we do not require (4).

(p+) there exist €, R > 0 such that for |t| > R,

X, t 1 Ay
A < ot < Ai1-€, lim — | P(x, t) — —t? | = +00.
|t]—oo [t] 2
(p-) there exist €, R > 0 such that for |[t| = R,
x, t 1 Ay
Ap—1+€ =< P(x.f) <Ay, lim — [ P(x, t) — —t2 | = —oo.
t |t]—>oo |t 2

Pro 7. (i) If (p+) holds, then Cq(f, ) = 64,1G, provided
p(x, t) — p(x,s)

P <B for some B < Apy41. (5)
(ii) If (p=) holds, then Cy(f, ) = 64,1-1G, provided
p(x, t) — p(x,s)
t—s
The fun f satisfies (PS), Pro 3 and (E+). Thm 5 is applied.

>B, forsome B >Ap_1. (6)



3. Reduction, homotopy and Alexan-
der duality

Assume that forsome A >0, |p(x,t)—p(x,s)|<A|t-s]|. (7)

Thm 8 (Nonl. Anal., 08). (i) if(7), (p-) hold, then Cq(f, o0) =
6g,1-1G .

(i) if (7) and (p+) hold, then Cq(f, ) = 64,1G.
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3. Reduction, homotopy and Alexan-

der duality

Assume that forsome A >0, |p(x,t)—p(x,s)|<A|t-s]|. (7)

Thm 8 (Nonl. Anal., 08). (i) if(7), (p-) hold, then Cq(f, ) =
6g,1-1G .

(ii) if (7) and (p+) hold, then Cq(f, ) = 64,1G.
Rek 9. Thm 8 improves [Li-Perera-Su, 01, Pro 1.3]. For |t| = R,

p(x, t) A —E » -
A-1+€Z : <Ay, P(x,t) < > [t]|“=>Cq(f, ) = 6q,4-1G;
p(x, t) A+e
)\[S S)\f+1_£i P(XI t)Z 2 |t| :Cf(fr 00)#0.
X, t
p(x, t) _

Incompatible with [im
[t|l»>o0 T

8/23 7th AIMS Conf 2008 S.B. Liu



R ———————————————————
(po) thereis p > 0, Axt?2 < 2P(x, t) < Axy1t? for [t| < p.

Thm 10 (Nonl. Anal., 08). (3) has a nonzero solution in case

(i) (po), (7) and (p+) hold, k # L; or
(i) (po), (7) and (p-) hold, k #1— 1.
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R ———————————————————
(po) thereis p > 0, Axt?2 < 2P(x, t) < Axy1t? for [t| < p.

Thm 10 (Nonl. Anal., 08). (3) has a nonzero solution in case

(i) (po), (7) and (p+) hold, k # L; or
(i) (po), (7) and (p-) hold, k #1— 1.

Pf. By (po), f has local linking at 0, so Ck(f, 0) # 0. By Thm 8
Cq(f, ) = 64,,G in (i), Cq(f, 00) = 6q,,-1G in (ii).

By Pro 1, the result follows. [ ]
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R ———————————————————
(po) thereis p > 0, Axt?2 < 2P(x, t) < Axy1t? for [t| < p.

Thm 10 (Nonl. Anal., 08). (3) has a nonzero solution in case
(i) (po), (7) and (p+) hold, k # L; or
(ii) (po), (7) and (p-) hold, k #1 — 1.
Pf. By (po), f has local linking at 0, so Ck(f, 0) # 0. By Thm 8
Cq(f, ) = 644G in (i), Cq(f, 00) = 64,1-1G in (ii).
By Pro 1, the result follows. [ ]
For the proof of Thm 8, we use homotopy method.
Pro 11 ([Li-Perera-Su, 01, Thm 3.11). If {f:} c C22°(X, R) satis-

|
fies (PS), and there exist a € R and 6 > 0 such t?;fat

fw < a = IIFWIl =5, (8)

then (fo)a = (f1)a. In particular, Cq(fo, ) = Cq(f1, ) for all
geN.
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3.1. Proof of Thm 8 (i)
Define Ay : X — X by

(Ag(w), v) =J (VuVv — Ayuv)dx, u,veXx. (9)
o)

Let X0 = ker(A;), X* be the ‘+’-space of A,.
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3.1. Proof of Thm 8 (i)
Define Ay : X — X by

(Ag(w), v) =J (VuVv — Ayuv)dx, u,veXx. (9)
o)

Let X0 = ker(A;), X* be the ‘+’-space of A;. Let u* be the
orthogonal projection of u in X* (x=0, ). Consider f; : X —» R,

fe(u) = (1 = OF (W) + t(lut 11> + Iu®)I® = lu~l1®), te[o,1] .
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3.1. Proof of Thm 8 (i)
Define A; : X — X by
(Ap(w), v) = J (VuVv — Ayuv)dx, u,veXx. (9)
Q
Let X0 = ker(A;), X* be the ‘+’-space of A;. Let u* be the
orthogonal projection of u in X* (x=0, ). Consider f; : X —» R,
fr(u) = (1 = O)f(u) + t(llut 12 + |u®)1? = lu~)I?), te[0,1] .
It is standard to show that f satisfies (PS). Adapt that argu-

ment,
ft/n(un) -0

fu— em | = Ft) = 42 o

This implies (8), and Pro 11 yields

Cq(f, ) = Cq(fo, ) = Cq(f1, ®) = 8g,dimx-G = 6g,,-1G. =
10/23 7th AIMS Conf 2008 S.B. Liu



3.2. Proof of Thm 8 (ii)
Let h(u) = % (Ag(u), u) — |Ju||?2, and Consider

fr(u) =1 -t)f(u)+t-h(u), te[0,1].
As in §3.1 we have a claim ‘dual’ to (10):

ft/n(un) -0

[lup|| = o } = ft,(up) = —0.
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3.2. Proof of Thm 8 (ii)
Let h(u) = % (Ag(u), u) — |Ju||?2, and Consider

fr(u) =1 -t)f(u)+t-h(u), te[0,1].
As in §3.1 we have a claim ‘dual’ to (10):

ft/n(un) -0
llunll — o0

}=>ft,,(un)~ —co, (11)

However, we can not deduce Cq(fo, ) = Cq4(f1, ).
By (7) we can apply Thm 5 to reduce the problem into a finite
dim space, then apply the Alexander Duality Theorem.
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3.2. Proof of Thm 8 (ii)

Let h(u) = % (Ag(w), u) — ||Ju®||?2, and Consider
filwW) =1 -f(u)+t-h(u), tel0,1].
As in §3.1 we have a claim ‘dual’ to (10):

ft/n(un) -0
llunll — o0

}=>ft,,(un)~ —co, (11)

However, we can not deduce Cq(fo, ) = Cq(f1, o).

By (7) we can apply Thm 5 to reduce the problem into a finite
dim space, then apply the Alexander Duality Theorem.

Let ¢ € C1(X, R) satisfies (PS). If its critical values are greater
than a, then

Qq((PI oo):qu(Xf(Pa): q=01 11"'-

Lem 12 (dual). If ¢ € C1(R™, R) satisfies (PS), with critical val-
ues bounded, then Cq(@, ) = ¢M~9(—¢, 00).



-
Pf. If the critical values of ¢ are contained in (—a, a), then

Cq(@, ) = Hq(Rmr ®—a)
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-
Pf. If the critical values of ¢ are contained in (—a, a), then

Cq(@, ) =Hgq(R™, 9_a) EHq({p < a}, {p < —a}),

12/23 7th AIMS Conf 2008 S.B. Liu



-
Pf. If the critical values of ¢ are contained in (—a, a), then

Cq(@, ) =Hgq(R™, 9_a) EHq({p < a}, {p < —a}),
¢M=9(=@, 00) = HMI(R™, (=9)-a) EH""I((=@)a, (—@)-a).
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-
Pf. If the critical values of ¢ are contained in (—a, a), then

Cq(@, ) =Hgq(R™, 9_a) EHq({p < a}, {p < —a}),
¢M=9(=@, 00) = HMI(R™, (=9)-a) EH""I((=@)a, (—@)-a).

Pull the sets into S™ via the stereographic projection, apply
the ADT, then pull back to R™. The result follows. [ |

12/23 7th AIMS Conf 2008 S.B. Liu



-
Pf. If the critical values of ¢ are contained in (—a, a), then

Cq(@, ) =Hgq(R™, 9_a) EHq({p < a}, {p < —a}),
¢M=9(=@, 00) = HMI(R™, (=9)-a) EH""I((=@)a, (—@)-a).

Pull the sets into S™ via the stereographic projection, apply
the ADT, then pull back to R™. The result follows. [ |

Pf of Thm 8 (ii). Since klim Ak = 400, thereism >,
—00
d := max {/\, )\l} < )\m < )\m+]_.

Let Y be the ‘+' space of Ay, Z=YL. Then dimZ =m.
Using X c Z and (7), forze Z and y1,y> €Y,

(VF(z+y1) = Vfe(z+y2), y1 = y2) = klly1 — y2ll?

where k =1 —)\,'n1+1d > 0.
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-
Pf. If the critical values of ¢ are contained in (—a, a), then

Cq(@, ) =Hgq(R™, 9_a) EHq({p < a}, {p < —a}),
¢M=9(=@, 00) = HMI(R™, (=9)-a) EH""I((=@)a, (—@)-a).

Pull the sets into S™ via the stereographic projection, apply
the ADT, then pull back to R™. The result follows. [ |

Pf of Thm 8 (ii). Since klim Ak = 400, thereism >,
—00

d := max {/\,)\l} S)\m < )\m+]_.

Let Y be the ‘+' space of Ay, Z=YL. Then dimZ =m.
Using X c Z and (7), forze Z and y1,y> €Y,

(Vi(z+y1) = Vfe(z+y2), y1 = y2) = klly1 — y2ll?,

where k =1 -A~L d > 0. By Thm 5, there is ¢: € C3.°(Z, R)
such that
Cq(ft, ) = Cq(9t, ).



R EEEE——S——————————————
From (11) and the analytic property of the L-S reduction that

<P£n (zn)—0

|znll — oo } = (—9)t,(2n) — +oo.

By Pro 11, (—¢0)a =~ (—¢1)a and ¢9(—g@q, ) = ¢9(—¢@1, ).
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R EEEE——S——————————————
From (11) and the analytic property of the L-S reduction that

<P£n (zn)—0

|znll — oo } = (—9)t,(2n) — +oo.

By Pro 11, (—¢0)a =~ (—¢1)a and ¢9(—g@q, ) = ¢9(—¢@1, ).

By Lem 12, Cq(f, ) = Cq(fo, ) = Cq(@o, )
= ¢M9(~@o, ) = ¢M7I(~@1, )
= Cq(f1, )
=6q,4G. |
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4. Multiple solutions of elliptic BVP

Consider

—Au=p(x,u), inQ, P t)
{ u=0, on 3Q. s = |t|||_r,noo t

(12)

ap(x, 0)
(p1) peCHQxR,R), p(x,0)=0, —r <A1 < Poo = As.
op(x, t)
ot
Solutions of (12) are critical points of f : H;(Q) — R,

(p2) for some v < Ay+1, < 7v. enable to use reduction.

f(u) = lf |Vu|2dx—f P(x, u)dx.
2 J)a Q

If po is Not an eigenvalue, [Castro-Cossio, 94] obtained 5 so-
lutions for (12).
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For peo = Ay, assume in addition

* da € [0,1), c >0, such that |p(x, t) = Agt] < c(1 +|t]?),

A
{P(x, t) - ftZ} = too,

lim
|tl—oo |£|2%

[Li-Zhang, 99] also obtained 5 solutions.
In [Liu-Li, 03], we obtained 5 solutions under (p1), (p2) and
1 AL,
lim —{P(x,t)— —t° } =400,
|tl—=oo |t] 2

As in [Li-Zhang, 99], the proof is based on Morse theory, but
we used Thm 5 (i) to compute Cq(f, o), see Pro 7 .
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- _________________________________________________________________________
For peo = Ay, assume in addition

* da € [0,1), c >0, such that |p(x, t) = Agt] < c(1 +|t]?),

A
{P(x, t) - ftZ} = too,

lim
|tl—oo | ]2
[Li-Zhang, 99] also obtained 5 solutions.
In [Liu-Li, 03], we obtained 5 solutions under (p1), (p2) and
1 AL,
lim —{P(x,t)— —t° } =400,
|tl—=oo |t] 2

As in [Li-Zhang, 99], the proof is based on Morse theory, but
we used Thm 5 (i) to compute Cq(f, o), see Pro 7 .

Thm 13 (JMAA, 07). Assume (p1), (p2) and




Unlike [Castro-Cossio, 94, Li-Zhang, 99, Liu-Li, 03], now f does
not satisfy (PS) . So we can not apply Morse theory to f.
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Unlike [Castro-Cossio, 94, Li-Zhang, 99, Liu-Li, 03], now f does
not satisfy (PS) . So we can not apply Morse theory to f.

The Pf is based on the following observation:

(i) Since (0, pw), (P, 0) & X2, the Fulik spectrum, fi does
satisfy (PS). This will produce two critical points ux of
mountain pass type,

Cq(f, us) = 64,1G.
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Unlike [Castro-Cossio, 94, Li-Zhang, 99, Liu-Li, 03], now f does
not satisfy (PS) . So we can not apply Morse theory to f.

The Pf is based on the following observation:

(i) Since (0, pw), (P, 0) & X2, the Fulik spectrum, fi does
satisfy (PS). This will produce two critical points ux of
mountain pass type,

Cq(f, us) = 64,1G.
(ii) The L-S reduced functional
@: X" =span{¢z,---, ¢} =R,

is anti-coercive, hence (PS). This was proved by Liu-Tang-
Wu [Liu-Tang-Wu, 00], but we give a much simple proof.
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Unlike [Castro-Cossio, 94, Li-Zhang, 99, Liu-Li, 03], now f does
not satisfy (PS) . So we can not apply Morse theory to f.

The Pf is based on the following observation:

(i) Since (0, pw), (P, 0) & X2, the Fulik spectrum, fi does
satisfy (PS). This will produce two critical points ux of
mountain pass type,

Cq(f, us) = 64,1G.
(ii) The L-S reduced functional

@: X" =span{¢y, -+, ¢} =R,

is anti-coercive, hence (PS). This was proved by Liu-Tang-
Wu [Liu-Tang-Wu, 00], but we give a much simple proof.

(iii) Eventually, we apply Morse theory to ¢.
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Unlike [Castro-Cossio, 94, Li-Zhang, 99, Liu-Li, 03], now f does
not satisfy (PS) . So we can not apply Morse theory to f.

The Pf is based on the following observation:

(i) Since (0, pw), (P, 0) & X2, the Fulik spectrum, fi does
satisfy (PS). This will produce two critical points ux of
mountain pass type,

Cq(f, us) = 64,1G.
(ii) The L-S reduced functional

¢: X" =span{¢1, -+, ¢} =R,
is anti-coercive, hence (PS). This was proved by Liu-Tang-
Wu [Liu-Tang-Wu, 00], but we give a much simple proof.
(iii) Eventually, we apply Morse theory to ¢.
Lem 14. If (E4) in Pro 4 holds, and v is a critical point of ¢,

then Cq(@, v) = Cq(f, v+ ¢(V)).
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—————SSS
Pf of Thm 13. First note that

Cq(f,0) = 64,06,  Cq(f, ux) =6q,1G.
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—————SSS
Pf of Thm 13. First note that

Cq(f,0) = 64,06,  Cq(f, ux) =6q,1G.

By (p2) f satisfies (E+) in Pro 4, so we consider the L-S reduc-
tion @ : X~ — R.
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—————SSS
Pf of Thm 13. First note that

Cq(f,0) = 64,06,  Cq(f, ux) =6q,1G.

By (p2) f satisfies (E+) in Pro 4, so we consider the L-S reduc-
tion ¢ : X~ — R. Let 6, v+ be the projection of 0, ux+ in X—, they
are critical points of ¢. By Lem 14
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—————SSS
Pf of Thm 13. First note that

Cq(f,0) = 64,06,  Cq(f, ux) =6q,1G.

By (p2) f satisfies (E+) in Pro 4, so we consider the L-S reduc-
tion ¢ : X~ — R. Let 6, v+ be the projection of 0, ux+ in X—, they
are critical points of ¢. By Lem 14

Since ¢ is anti-coercive and £ = dim X~ < oo, we deduce
(i) @ attains its maximum at v € X~, so Cq(@, V) = 64,4G.

(i) Using exact homology sequence, Cq(@, ) = 64,4G.
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—————SSS
Pf of Thm 13. First note that

Cq(f,0) = 64,06,  Cq(f, ux) =6q,1G.

By (p2) f satisfies (E+) in Pro 4, so we consider the L-S reduc-
tion ¢ : X~ — R. Let 6, v+ be the projection of 0, ux+ in X—, they
are critical points of ¢. By Lem 14

Cq(@,0) = 6q,0G, Cq(e, v+) = 64,1G.
Since ¢ is anti-coercive and £ = dim X~ < oo, we deduce
(i) @ attains its maximum at v € X~, so Cq(@, V) = 64,4G.
(i) Using exact homology sequence, Cq(@, ) = 64,4G.

If @ has no critical points other than 6, v, v— and v, the Morse
inequality (1) becomes

(-1)°+2x (-1 + (-1 =(-1)!, impossible!

Therefore @, and hence f, has at least 5 critical points. [ |
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Next, we consider the case that 0 is not a local min of f.

[Li-Willem, 98] obtained 3 solutions of (12) assume p € C1(Q x
R, R), [p(x, t) = Apt] < c(1 +|t|¥) for some a € [0, 1).

g e i 229y
ioo ¢ PO tiooo £
ap(x, t) 1 A
>y > A1, lim P(x,t) — —t% } = —co0.
of =Y > AL |t|—>oo|t|2a{ (x, t) >

These conditions imply (PS), and Morse theory is applied.
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Next, we consider the case that 0 is not a local min of f.

[Li-Willem, 98] obtained 3 solutions of (12) assume p € C1(Q x
R, R), [p(x, t) = Apt] < c(1 +|t|¥) for some a € [0, 1).

lim PO B _ lim P, B) =A
Heo & PO oo £
op(x, t) 1 Ag
>y > A1, lim P(x,t) — —t% } = —co0.
of =Y > AL |t|—>oo|t|2a{ (x, t) >

These conditions imply (PS), and Morse theory is applied.

We improve their result. Assume

(px) peC(QxR,R), AN > 0 s.t. [p(x, t)] < Alt].

(po) 36 > 0 and k > £, Act? < 2P(x, t) < Ag41t? for |t] < 6.

(p1) Iy > Ap—1 such that
p(x, t) — p(x,s) S

= ’

. AL,
lim P(x,t)—?t = —o0. (13)

t—s |t]—>o0




Thm 15 (P Roy Soc Edinb, 07). Assume (px), (po) and (p1),
then (12) has 3 solutions.

Unlike [Li-Willem, 98] here the functional f : Hcl)(Q) — R,

1
f(u)=—J |Vu|2dx—J P(x, u)dx
2 Jg Q

doesn’t (PS). Motivated by [Liu-Tang-Wu, 00], we overcome
this by L-S reduction.
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Thm 15 (P Roy Soc Edinb, 07). Assume (px), (po) and (p1),
then (12) has 3 solutions.

Unlike [Li-Willem, 98] here the functional f : Hcl)(Q) — R,

1
f(u)=—J |Vu|2dx—J P(x, u)dx
2 Jg Q

doesn’t (PS). Motivated by [Liu-Tang-Wu, 00], we overcome
this by L-S reduction.

In [Liu-Tang-Wu, 00], 3 solutions were obtained under (pg) with
k<1, and

p(x, t) — p(x,s)
t—s

. AL,
<B <A1, lim {P(x,t)— —t°}; =+o0.
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Thm 15 (P Roy Soc Edinb, 07). Assume (px), (po) and (p1),
then (12) has 3 solutions.

Unlike [Li-Willem, 98] here the functional f : Hcl)(Q) — R,

1
f(u)=—J |Vu|2dx—J P(x, u)dx
2 Jg Q

doesn’t (PS). Motivated by [Liu-Tang-Wu, 00], we overcome
this by L-S reduction.

In [Liu-Tang-Wu, 00], 3 solutions were obtained under (pg) with
k<1, and

p(x, t) — p(x,s)
t—s

A
<B <A1, lim {Poot) =22l = 4o, (14)

By (14), one considers the L-S reduction ¢ : X~ — R. Since
dimX~ < oo, it is easy to verify that ¢ is anti-coercive thus
satisfies (PS).
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Our situation is more delicate, because the reduced functional
is defined on an infinite dim subspace.

Pf of Thm 15. Let X* be the ‘—'-space of A; and X~ = (X*)<L.
Then X =X" @ X™T, for ve X~ and wi, w € X*, we have

Y
~ (Vv +w2) = VPV + W), wa = wa) 2 (5= = 1) s = wal .
-1
Let ¢ : X~ — R as described in Pro 4. We want to show
lim ¢@(v)=+oc0.

lIvi|—co
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—————SSS
Our situation is more delicate, because the reduced functional
is defined on an infinite dim subspace.

Pf of Thm 15. Let X* be the ‘—'-space of A; and X~ = (X*)<L.
Then X =X" @ X™T, for ve X~ and wi, w € X*, we have

—(VF(V 4 W1) = VF(V + Wa), Wi — wa) > (ﬁ - 1) lwi - wal%.

Let ¢ : X~ — R as described in Pro 4. We want to show

lim @(v)=+oo. (15)

[lv||—oc0
Naturally, one picks {vp} € X~ such that ||vy|| — . Then
{||v,,||‘1 vn} is bounded and converges weakly up to a subse-

quence. But dim X~ = oo, the weak limit may be 0. This makes
it difficult to show (15).
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=S
We consider f1 = f|x-, then Vf; = Px-Vf, for v, ¢ € X~

(Vf1(Vv), ¢) = (Vf(Vv), ¢) = J VvVedx — J p(x, v)pdx.
Q Q

Clm 16. fi satisfies (PS).
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We consider f1 = f|x-, then Vf; = Px-Vf, for v, ¢ € X~
(Vfi(v), ) = (Vf(v), ¢) = J VvVedx — J p(x, v)¢dx.
0 Q

Clm 16. fi satisfies (PS).
Using (13) we may find a € R such that for ve X—,

1 1
fi(v) = —f |Vv|? dx —f P(x, v)dx > f (—szz - P(x, v)) dx
2 )g Q a\2

> a. using (13)

By a result of S.J. Li, we deduce ! Ililm f1(v) = +o0.
V||— 00
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=S
We consider f1 = f|x-, then Vf; = Px-Vf, for v, ¢ € X~

(Vf1(Vv), ¢) = (Vf(Vv), ¢) = J VvVedx — J p(x, v)pdx.
Q Q

Clm 16. fi satisfies (PS).
Using (13) we may find a € R such that for ve X—,

1 1
fi(v) = —f |Vv|? dx —f P(x, v)dx > f (—szz - P(x, v)) dx

2 Ja Q a\2

> a. using (13)
By a result of S.J. Li, we deduce | Ililm f1(v) = +o0.
V||— 00
By the def of ¢, ¢(Vv) = mc)x(zsf(v +w)>f(v)=[fi(v), ve X~
we

So ¢ is coercive. But Vo =1 — comp, so ¢ satisfies (PS).
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=S
We consider f1 = f|x-, then Vf; = Px-Vf, for v, ¢ € X~

(Vf1(Vv), ¢) = (Vf(Vv), ¢) = J VvVedx — J p(x, v)pdx.
Q Q

Clm 16. fi satisfies (PS).
Using (13) we may find a € R such that for ve X—,

1 1
fi(v) = —f |Vv|? dx —f P(x, v)dx > f (—szz - P(x, v)) dx

2 Jg Q a\2

> a. using (13)
By a result of S.J. Li, we deduce | Ililm f1(v) = +o0.
V||— 00
By the def of ¢, ¢(Vv) = mc)1(>if(v+ w) 2> f(v)=f1(v), ve X~.
we

So ¢ is coercive. But Vo =1 — comp, so ¢ satisfies (PS).

Using (po), ¢ has a local linking at 0.

By the three critical points theorem, ¢ has 3 critical points, and
f also has 3 critical points. [ |
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—————SSS
The Pf of CIm 16 is based on

Lem 17. Let {vp} € X~ such that Vfi(vn) — 0 and ||vp|| — oo.
Let V0 = IVall =t v, . Then 3v # 0, up to a subsequence VO —v.
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The Pf of CIm 16 is based on

Lem 17. Let {vp} € X~ such that Vfi(vn) — 0 and ||vp|| — oo.
Let V0 = IVall =t v, . Then 3v # 0, up to a subsequence VO —v.

Pf. Assume v0 — v. Then v? — v in L2(Q).
Since |p(x, t)| < Alt|, Vfi(vn) — O,
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The Pf of CIm 16 is based on

Lem 17. Let {vp} € X~ such that Vfi(vn) — 0 and ||vp|| — oo.
Let V0 = IVall =t v, . Then 3v # 0, up to a subsequence VO —v.

Pf. Assume v0 — v. Then v? — v in L2(Q).
Since |p(x, t)| < Alt|, Vfi(vn) — 0, we deduce

lvall = (Vf1(Vvn), vn)

= J VVvp-Vvydx — f p(x, vp)vpdx
Q Q

zf |an|2dx—AJ v2dx = [[vall® = Alval5. (n large)
Q Q
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—————SSS
The Pf of CIm 16 is based on

Lem 17. Let {vp} € X~ such that Vfi(vn) — 0 and ||vp|| — oo.
Let V0 = IVall =t v, . Then 3v # 0, up to a subsequence VO —v.

Pf. Assume v0 — v. Then v? — v in L2(Q).
Since |p(x, t)| < Alt|, Vfi(vn) — 0, we deduce

lvall = (Vf1(Vvn), vn)

= J VVvp-Vvydx — f p(x, vp)vpdx
Q Q

zf |an|2dx—AJ v2dx = [[vall® = Alval5. (n large)
Q Q

So |lval™t>1 —Alvglg. Let n — o0, we get |v|§ > N1 ]
That f; satisfies (PS) follows from Lem 17 and (13).
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Thank you!
15 157!

http://lausbo.googlepages.com
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